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Abstract

Photovoltaic (PV) energy generation provides several advantages such as being harmless
to the environment and renewable. Furthermore, grid-connected PV energy generation
represents a renewable energy growing alternative that is becoming more competitive
due to the new favourable governmental laws and policies as recently introduced. In
this regard, PV systems that supply power directly to the grid are becoming more
popular because of the cost reduction due to the lack of a battery subsystem. The main
components of a grid-connected PV (GPV) system include a series-parallel connection
arrangement of the available PV panels and a power conditioning system in charge to
extract and properly transfer the maximum available power present at the PV generator
to the grid. A GPV system based on a single central inverter is one of the most prevailing
configurations since, under uniform irradiance conditions of the PV panels, it represents
a good trade-off between the extracted energy and the design complexity of the power
inverter. In this configuration all of the available PV panels are connected to a single
power stage. One of the most typical central inverter power converter topology is the
single-phase single-stage full-bridge inverter.

The control strategy driving the central inverter results crucial for the optimiza-
tion of the grid-connected PV energy extraction. The inverters control scheme requires
achieving simultaneously the following objectives:

• The maximum power extraction from the PV array by means of tracking the solar
panels maximum power point that varies with the solar irradiance and the PV
panels temperature.

• The proper conversion of the DC input power into an AC output current which
has to be injected to the grid. This current has to exhibit low harmonic contents
and must be in phase with respect to the grid voltage in order to perform the
power transfer at unity power factor.

These control requirements have generally been carried out by means of a strategy
based on two cascaded control loops using a pulse width modulation scheme, where the
inner current control loop is in charge to establish the duty ratio for the generation of
a sinusoidal output current in phase with the grid voltage. In turn, the outer voltage
control loop has to settle the PV array operating point at its maximum power value
whatever the temperature and irradiance variations are, with the help of a maximum
power point tracking algorithm. This loop delivers to the inner control loop the current
reference amplitude corresponding to the PV array maximum power, thereby ensuring
the power transfer to the grid.

Several of the works dealing with such grid-connected PV system configuration
mainly address the current loop design paying less attention to the voltage control loop
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iv Abstract

design and the lacking of a complete stability analysis. The difficulties of a complete
stability analysis mainly come from the analytical complexity of the PV system dynam-
ical model since it exhibits on one hand a nonlinear parametric dependence on the PV
array current-to-voltage characteristics with the irradiance and temperature and, on the
other hand, a sinusoidal time-dependence due the PV inverter grid-connection.

This thesis presents a complete stability analysis of a single-phase single-stage grid-
connected PV system considering all of its non-linear time-varying dynamics. Based on
this analysis, a series of linear and non-linear controllers are designed in order to assure
local or global stability and robustness with respect to uncertainties of the PV array
parameters. The design and analysis of the studied closed-loop systems comprise the
typical two-loop control scheme (using as an inner current loop a linear controller and
a sliding mode controller) and two non-linear passivity based controllers. The designed
controllers have been validated by means of simulation and experimental results.
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Everything is vague to a degree you
do not realize till you have tried to
make it precise.

Bertrand Russell





Chapter 1

Introduction

Motivation

The inconveniences related to conventional energy generation have given rise to the
introduction of new favorable governmental laws and policies created to stimulate the
usage of renewable energy sources, such as grid-connected photovoltaic (PV) systems.
For instance, most of the programs supporting photovoltaic systems have promoted,
among others, the expansion of small residential PV systems up to 5 kW connected to
the single phase grid primarily installed on roofs [3], [21] and [51].

Nowadays the photovoltaic energy comprises less than 1 % of the world energy
consumption. However, the fact that a PV system can be installed everywhere along
with the recently accomplished technical developments are making PV a good candidate
to be one of the most important renewable energy sources of the future. Indeed, with an
annual continuous growth of 20-25 %, it is the energy source that presents a higher and
more stable relative growth [3]. Moreover, the modular concept of PV panels, which can
have an area of 1 m2 and a typical power ratings of hundreds of watts/panel, enables
the access of this kind of energy to a broad range of end users. The main drawback of
PV systems is that their costs are still considerably high compared to other sources of
energy. That is why the currently undergoing research is focused on reducing the PV
system’s costs. This cost reduction can be achieved by optimizing the energy conversion
process of the PV system elements.

Due to their portability, PV systems have been used as stand-alone systems in remote
areas where utility lines are not available or are uneconomical to install. A typical
stand-alone PV system consists of a solar array and a battery connection. Since the
solar energy is not available all day a battery subsystem is needed in order to make
the electricity available whenever it is needed. The major drawback of stand-alone PV
systems is that the battery is a costly and bulky element that needs to be properly sized
in order to obtain the optimal efficiency from the PV system.

Another possibility to take advantage of the photovoltaic effect is feeding the PV
energy directly into the existing AC grid system. In most parts of the industrially
developed world grid electricity is easily accessible and can be used as a giantbattery to
store all the energy obtained by the PV cells. The grid can absorb PV power that is
surplus to current needs, making it available for use by other customers and reducing
the amount of energy that has to be generated by conventional means (e.g. coal). At
night or on cloudy days, when the output of the PV system is insufficient the utility grid
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2 Chapter 1. Introduction

can provide backup energy from conventional sources. Removing the battery subsystem
not only represents a considerable cost and size reduction of the whole system but also
increases its reliability, while a PV cell lasts more than 20 years, a battery operates for
at most 5 years and needs periodic maintenance [14]. Figure 1.1 shows a basic diagram
of a grid-connected PV system.

PV array
Power Conditioning

Module

Grid-Connected PV Inverter Utility
Grid

City

Non-conventional
Power Generators

(Wind, Biomass, etc)

Conventional Power
Generators

(Coal, Nuclear, etc)

Figure 1.1: Grid-Connected Photovoltaic System Block Diagram

A grid-connected photovoltaic (GPV) installation includes a group of energy trans-
ducers, i.e., PV panels, and a DC-AC power processing system interfacing the DC PV
panels to the AC grid. One of the most active GPV system’s area of research deals
with the way in which the elements of the GPV inverter (the PV panels and the power
converter stage or stages) are arranged in order to efficiently transfer the PV energy to
the utility grid [40]. Take for example the widely used “central inverter” configuration
[9] where all the available PV panels are series-parallel connected to the input of a single
full-bridge power inverter. In this way, the system costs are considerably reduced since
only one power conditioning module is needed. Additionally, a central inverter configu-
ration requires a minimum of passive filter elements. Due to its extensive use and the
possibility to easily add other power converter stages, this configuration has been chosen
as the power conditioning structure considered in the present work.

The control strategy of the power inverter that interfaces the PV array with the
utility grid needs to accomplish the following control objectives in order to assure an
efficient energy transfer:

C1. The proper conversion of the DC input power into an AC output current which
has to be injected to the grid. This current has to exhibit low harmonic contents
and must be in phase to the grid voltage in order to perform the power transfer
at unity power factor.

C2. The maximum power extraction from the PV array by means of tracking the solar
panels maximum power point (MPP) that varies with the solar irradiance and the
PV panels temperature.
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The aforementioned control requirements have been generally carried out by means of
a strategy based on two cascaded control loops using a pulse-width modulation (PWM)
scheme as shown in Figure 1.2 [6], where the inner control loop is in charge to establish
the duty ratio for the generation of a sinusoidal output current that is in phase with the
grid voltage. In turn, the outer control loop has to settle the PV array operating point
at its maximum power value for any temperature and irradiance variation, with the help
of maximum power point tracking (MPPT) algorithms such as Perturb & Observe or
more advanced ones [61], [38]. The outer loop delivers to the inner control loop the
current reference amplitude corresponding to the PV array maximum power, thereby
ensuring the power transfer to the grid.

−

+

ipv = fpv(x1)

ipv = fpv(x1)

x1

x2

x2

vg

vg

x1

x∗2

µ

C

L

δ

δ

δ

δ̄

δ̄

δ̄

Outer
Control Loop

Inner
Control Loop

PWM

Figure 1.2: Typical Control Scheme for the Single-Stage Single-Phase Grid-Connected
PV Inverter

Several of the works dealing with the central inverter GPV configuration mainly
address the inner current loop design and have shown that continuous-time linear con-
trollers based on a proportional+resonant (P+R) structure give satisfactory results and
can be properly designed by means of linear control techniques from the PV systems
output linear model [58], [63]. The outer voltage loop design with a PWM modulator
has, in contrast, paid less attention in the literature. The difficulties of the voltage loop
design mainly stem from the analytical complexity of the PV system dynamical model
since it exhibits, on one hand, a nonlinear parametric dependence on the PV array
current-to-voltage (i-v) characteristics with the irradiance and temperature levels, and,
on the other hand, a sinusoidal time-dependence due to the PV system grid-connection.
Continuous and discrete-time linear controllers properly achieving the expected voltage
control requirements for a specific application have been proposed in several works, but
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a detailed analysis leading to the adjustment of the controller parameter values ensur-
ing at least the system stability for the whole PV array irradiance and temperature
operating ranges is generally not reported [13], [46], [34].

The present work aims to obtain a complete analysis of the GPV system in order
to consider its inherent nonlinear time-varying dynamics. Based on this analysis, the
application of a series of linear and nonlinear controllers will be studied in order to
assure local or global stability and robustness with respect to uncertainties of the PV
array parameters.

1.1 Main Contributions of this Thesis

Several contributions of this thesis can be distinguished as it is summarized as follows:

• From a modeling point of view, the nonlinear time-variant model of the GPV
system has been taken into account when considering the controller. Normally the
GPV inverter controller design is done assuming the PV generator as a constant
voltage or current source. The usage of this nonlinear time-variant model enables
a more complete stability analysis of the GPV system.

• The standard control scheme used in GPV inverters based on two cascaded con-
trol loops has been studied. The considered two-loop control scheme comprises a
discrete outer loop controller and an inner current controller. A method to tune
the parameters of the outer loop controller has been derived based on a sampled-
data linear model derived from the system’s energy-balance relationships. Two
different controllers have been proposed as the inner current control loop, namely,
a controller based on feedback linearization and a sliding mode controller. The
design methodology and valid operating range of these two controllers have been
detailed.

• Motivated by the successful results reported in the literature regarding passivity
based control (PBC) techniques used in power converters, two different passivity-
based controllers have been designed for the GPV inverter. These two techniques
include a damping injection PBC technique and a proportional passive (P-passive)
controller. This latter controller, have shown to render the closed-loop system
globally asymptotically stable under certain known conditions. The controller
has been extended by means of an adaptive controller in the case of PV array
parameter uncertainties.

• A simulation and experimental validation has been carried out for the aforemen-
tioned controllers. The obtained results have corroborated the GPV inverter
closed-loop performance foreseen in the theoretical analysis validating the pro-
posed control scheme designs.

1.2 Outline of this Thesis

The present dissertation is divided into the following chapters. Chapter 2 describes in
detail the GPV system and derives the PV array and power converter model that will be
used throughout this work. Chapter 3 encompass an ideal theoretical analysis approach
of the GPV inverter system. Four different control techniques are studied, namely a
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current controller based on feedback linearization, a sliding mode controller, and two
PBC controller techniques (damping injection and P-passive). The stability ranges for
each case has been determined. In order to validate the proposed controllers a series of
simulation tests have been carried out. A more realistic case is studied in Chapter 4,
where three of the four studied controllers are extended in order to deal with PV array
parameter uncertainties. The only control technique not considered was the damping
injection PBC controller due to its strong dependence on the system parameters. A
set of experimental results validate the appropriate performance of the controllers. The
conclusions and suggestions for further research are listed in Chapter 5. In the appendix
a brief description of the experimental setup is presented.





Chapter 2

Grid-Connected Photovoltaic
System Modeling

A grid-connected photovoltaic (GPV) system aims to transfer efficiently the solar ir-
radiance energy, previously converted into electrical energy, to the utility grid. From
the functional perspective point of view a GPV system can be subdivided into two
parts, namely, the solar energy collectors/transducers and the power conditioning sys-
tem. The solar energy collectors/transducers consist of a number of photovoltaic panels
that capture the solar irradiance and transform it into electrical energy, these elements
are referred for now on as “photovoltaic generator”. The objective of the power condi-
tioning system is to guarantee the maximum extraction of energy from the PV generator.
These two elements encompass the two primary fields of research in grid-connected pho-
tovoltaic system, as it is pointed out in [51] and [52]. In the next subsections the main
relevant electrical characteristics of these elements is described.

2.1 Photovoltaic Generator

A photovoltaic generator is understood in this document as the device that generates
electrical energy as a result of the photovoltaic effect. The photovoltaic effect is the
electrical potential developed between two semiconductor materials when their common
junction is illuminated with radiation of photons [41]. The basic building element of a
photovoltaic (PV) generator is the PV cell, also referred here as solar cell. A typical
solar cell generates less than 2 W at approximately 0.5 V [41], therefore, in order to
obtain an adequate output voltage for practical applications several cells are connected
in series to form a PV panel. Commercially available PV panels may have peak output
power ranging from a few watts to more than 300 W at voltages ranging from 12 V to
48 V. Grid-connected PV applications often requires higher voltages and currents than
the ones available in a PV panel. In this case, PV panels must be connected into arrays.
Series connections of PV panels result in higher voltages, while parallel connections
result in higher currents. The number and configurarion of the elements of a PV array
vary depending on the overall system’s requirements. In the present document it is
assumed that the PV generator is formed of several PV panels.

7



8 Chapter 2. Grid-Connected Photovoltaic System Modeling

2.1.1 Photovoltaic Cell Model

The present-day manufactured PV cells are based on the p-n junction crystalline sili-
con (c-Si) photovoltaic device developed in Bell Labs in 1954 by Chapin, Fuller, and
Person [11]. In this kind of device, when no light illuminates the PV cell its behavior
can be approximated using the well-known diode equation (2.1). On the other hand,
when the cell is illuminated, electron-hole pairs are produced by the interaction of the
incident photons with the atom of the cell. The electric field created by the cell junction
causes the photon-generated electron-hole pair to separate, with electrons drifting to
the n-region of the cell and the holes drifting into the p-region1. This moving of charges
generates a photocurrent which depends mainly on the intensity and wavelength of the
incident light [41].

In order to exemplify the electrical behavior of a PV cell a simple solar cell model is
presented. This model was introduced by Prince in [50] and represents the PV cell as
an ideal p-n junction in parallel with a constant current as it is depicted in Figure 2.1.

Igc id

icell

vcell

Figure 2.1: PV cell ideal model

The current source Igc represents the light-induced current and the current flowing
through the diode, id, can be derived from the equations of an ideal pn-junction:

id = Isat

[

exp

(
vcell

ηvT

)

− 1

]

, (2.1)

where η is the emission coefficient which depends on the fabrication process and semi-
conductor material of the cell, Isat is the reverse saturation current of the pn-junction
and vT is the thermal voltage defined as

vT =
kBTcell

qe
. (2.2)

Here, kB and qe are the Boltzmann constant and the electron’s charge, respectively
and Tcell represents the cell’s temperature.

Based on the previous equations a PV cell one exponential model can be derived:

icell = Igc − Isat

[

exp

(
vcell

ηvT

)

− 1

]

. (2.3)

1A very complete description of the physical principles underlying solar cell operation is presented
in [35]
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Figures 2.2 and 2.3 show the constitutive curves of a PV cell defined by equation (2.3)
for different values of temperature and solar incident irradiance. Two important elec-
trical characteristics of the PV cell are observed in those figures:

• That there is an operating point, marked in the figures with •, in which the PV
cell generates more power than the other points for an specific curve;

• That there are different maximum power points for each curve.

The aforementioned observations imply that during one day the maximum power
point of a PV cell varies according to the solar incident irradiance and themperature
changes.
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Figure 2.2: PV cell electrical curves with constant temperature and different values of
irradiance (λ1, λ2, λ3).

In today’s solar cell manufacturing industry not only c-Si solar cells are being pro-
duced [36]. Even though c-Si solar cells still cover the broad majority of the market
share, the high cost of crystalline silicon wafers has led the industry to look at cheaper
materials to make solar cells such as the so-called amorphous silicon. Nevertheless, all
of these “new” solar cells are still made of a semiconductor material and therefore follow
the aforementioned photocurrent generation principle and their electrical behavior can
be approximated according to (2.3). In the literature (see for example [8], [20], and [39])
it is possible to find models that take into account more parameters of the solar cell,
like the series and parallel resistance or some other parameters that are only valid for
an specific solar cell material. Nevertheless, for the purpose of the present document,
the PV cell is modeled according to (2.3).
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Figure 2.3: PV cell electrical curves with constant irradiance and different values of
temperature(T1, T2, T3).

2.1.2 PV Panel and PV Array Model

Important problems appear when solar cells or PV panels are connected in a network,
i.e, to form a PV array. The associated electric and thermal imbalances caused by
mismatch of characteristics of individual units may cause the degradation of the cells
and the reduction of the system’s overall efficiency. These mismatches between cells
are mainly due to the imperfect repeatibility of the technical processes of solar cell
fabrication and/or partial or complete shadowing of some cells of the array. Shadowing
of a cell (or a group of cells) causes a lower power output due to the reduced input
energy to the cell. For example, a shadowed cell in a series-connection presents the
same current as the other cells but its voltage differs. This situation may cause that the
shadowed cell starts to operate as a power receptor rather than an electric generator. A
similar effect occurs when the cells are connected in parallel.

In order to prevent these electrical hazards a PV array includes protective devices
such as diodes that avoid that the less efficient or shadowed cell absorb power. The
protection of an association of modules in series is achieved by connecting bypass diodes
in parallel with one or many PV cells. The protection of an association of parallel
modules is achieved by connecting blocking diodes in series.

Taking into account PV arrays with protective diodes and non-identical solar cells
with different operating conditions complicates the model of the PV array significantly.
M. C. Alonso-Garcia and J. M. Ruiz in [2] have derived a method to obtain the one-
exponential model parameters of a series-parallel association of PV devices without
taking into account the protective diodes of the system. This method proves to be very
effective but requires the measurement of different parameters in each solar cell. In [36]
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the effect of the protective diodes in a PV array is analyzed but without obtaining a
mathematical model. Even though, it is an interesting problem it is out of the scope
of the present thesis to derive a complete model of a PV array with different cells
and protective elements. From the modeling point of view taking in this thesis the
diode protective elements assure that the electrical characteristics of the PV generator
is restricted to the first quadrant, i.e., that the power of the PV generator is always
positive.

2.1.3 Adopted Photovoltaic Generator Model

The photovoltaic generator can be modeled by means of a function fpv : U → I, where
the instantaneous voltage and current of the photovoltaic generator are denoted by
vpv ∈ U and ipv ∈ I respectively. It is assumed that U, I ⊂ R

+ and therefore the output
power of the photovoltaic generator can only be positive. More specifically, function
fpv(vpv) = ipv is defined in the following way:

fpv(vpv) = Λ − ρ(vpv), (2.4)

where Λ ≥ 0 represents the part of the photovoltaic generator current that only depends
on external variables (e.g. the solar irradiance). The last term of (2.4), ρ(vpv), denotes
the direct link between the voltage of the photovoltaic generator and its current; due to
the intrinsic characteristics of the photovoltaic effect, function ρ is strictly increasing on
U, i.e., if vpv1

, vpv2
∈ U and vpv1

< vpv2
then ρ(vpv1

) < ρ(vpv2
). Moreover, ρ(vpv) can be

defined as an exponential function that can be written in the following way:

ρ(vpv) = Ψ exp (αvpv), (2.5)

where Ψ and α represent non-negative parameters of the photovoltaic generator.
Throughout this document fpv(vpv) will be used instead of ipv in order to stress the

fact that the current generated by the photovoltaic array, ipv, is not an independent
source but depends on vpv.

Referring to the equation of the PV cell, equation (2.3), the defined parameters Λ,
Ψ and α can be defined in the following way:

Λ = (Igc + Is)np,

Ψ = Isnp,

α =
ns

ηvT
,

where ns and np are the number of PV panels connected in series and parallel, respec-
tively.
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2.2 Power Conditioning System

The power conditioning system, also referred in this document as grid-connected pho-
tovoltaic inverter (or for short GPV Inverter), represents the interface that electrically
connects a group of PV panels, i.e., the PV generator, with the utility grid. Conse-
quently, it is the power conditioning system primary objective to guarantee the maxi-
mum power extraction from the PV generator and to deliver it efficiently to the utility
grid. This global objective can be decomposed in the following functional objectives
related to the design of the power processor:

• To extract the maximum power from the PV generators. This objectives is achieved
by a power converter stage that sets the PV generator operating point in its
maximum power point and assures its tracking if this point varies.

• To achieve a high efficiency power conversion. This requirement impose a high-
efficiency power converter, and therefore its design must be done by means of
switched power converters minimizing as much as possible the power converter
stages.

• To transfer the extracted PV power in the appropriate conditions. In order to
accomplish this objective the power conditioning system must guarantee that:

– the power flows from the PV generators to the utility grid.

– the power transfer is realized by means of injecting AC current to the grid,
given that the utility grid can be approximated as a AC voltage source. This
fact confers the power converter current source characteristics.

– a DC-AC power conversion is achieved (the PV array generates DC power
and a AC output current is required).

– the current injected into the utility grid is in phase with the grid voltage.
Notice that the maximum active power transfer is fulfilled with a unity power
factor.

– the injected current harmonic content complies with the respective standards,
e.g., [23], [24].

Based on the aforementioned and according to the number of available PV panels the
design of the power conditioning system comprises the following affairs:

• The selection of the power conversion architecture: that is to say, to define how the
available PV panels will be grouped and associated to the power conversion stages.
Take for example the case of the so-called “central inverter” configurations in which
all the available PV panels are grouped together and associated to a unique power
conditioning system (multi-stage or not) as the one shows in Figure 2.4. On the
other hand, the available PV panels can also be forming smalls groups associated
to different power converter stages of a multi-stage power conditioning system such
as the one depicted in Figure 2.6.

• The design of the high-efficient power converter circuits of the selected power
converter stages and their control in order to assure the highest energy transfer
from the PV panels to the utility grid with unity power factor and low harmonic
distortion.
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Figure 2.6: GPV multi-string inverter architecture

2.2.1 Adopted Power Conditioning System

The central inverter architecture, see Figure 2.4, is the only configuration studied in
this document. A grid-connected PV system based on a single central inverter is one
of the most prevailing configurations since, under uniform irradiance conditions of the
PV panels, it represents a good trade-off between the extracted energy and the design
complexity of the power inverter [9], [29], [40]. In the specific architecture considered
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in this document all the available PV panel are series-parallel connected to the input
of a single full-bridge power inverter by means of a DC-link capacitor, as shown in
Figure 2.7. Another interesting fact about this GPV inverter circuit is that it can
be found as output power stages in other configurations such as the widely used two
stage boost-buck configuration ([12], [14], [44]) shown in Figure 2.5 and the multilevel
configuration, mentioned in [1] and [45], shown in Figure 2.6. Due to this common power
stage it is possible to extrapolate the central inverter controller design scheme to these
other two configurations, at it is pointed out in [42], [43].

−

+

ipv = fpv(x1)

x1

x2

vg
C

L

δ

δ

δ̄

δ̄

Figure 2.7: Single-phase single-stage grid-connected photovoltaic inverter schematic di-
agram

The schematic diagram of the full-bridge central inverter configuration studied in the
present work is shown in Figure 2.7. Here x1 = vpv and x2 are the instantaneous input
capacitor voltage and the output inductor current, respectively. The utility grid voltage
vg is assumed to be sinusoidal with a constant amplitude A and a constant frequency
ω, i.e., vg = A sin(ωt). The full-bridge inverter consists of four switches controlled by
a switching signal δ ∈ {0, 1} (i.e., OFF or ON respectively). Assuming that there is a
control signal u ∈ {−1, 1} such that

δ =
u + 1

2
.

Then the system dynamic equations can be written as follows

Cẋ1 = −ux2 + fpv(x1)

Lẋ2 = ux1 − vg,
(2.6)

where fpv(x1) is given by (2.4).
The switching signal δ can also be generated via a pulse-width modulator (PWM)

scheme with an input signal µ ∈ [−1, 1] outputted by the controller. In this case, if the
switching frequency is sufficiently high, the dynamical behavior of the GPV system can
be approximated by the following set of differential equations:

Cż1 = −µz2 + fpv(z1) (2.7)

Lż2 = µz1 − vg, (2.8)

where z1 and z2 are the averaged values of x1 and x2, respectively.
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Equations (2.7) and (2.8) can be combined to obtain the following differential equa-
tion which is independent of the control signal:

Cz1ż1 = fpv(z1)z1 − Lz2ż2 − ż2vg. (2.9)

The previous equation will be referred in this document as the “power-balance equa-
tion”. As it will be shown later, this equation shows to be very useful when analyzing
the system’s dynamic behavior.

2.3 Utility Grid Model

The analysis presented in this thesis considers the grid voltage as a pure sinusoidal with
a constant amplitude, i.e., vg = A sin(ωt). This model represents an approximation
of the real utility grid because the grid voltage might not behave as a pure sinusoidal
signal, as it may contain odd harmonic components that cannot be neglected. Also, in
the real utility grid unwanted phenomena such as “islanding” may occur. Islanding is a
condition that can occur in grid-connected photovoltaic system in which a portion of the
utility system that contains both load and generation is isolated from the reminder of
the utility system. Every non-utility generation sources (sources over which the utility
has no direct control) such as grid-connected PV systems should have nonislanding
inverter, that is, an inverter that will cease to energize the grid line in a given time
when subjected to a typical islanded load. Islanding is unwanted because it may damage
customer equipment, can interfere with the restoration of normal service by the utility
and may create hazards for utility-line workers by causing a line to remain energized
when it is assumed to be disconnected from all energy sources [23].





Chapter 3

Analysis and Control Under Ideal
Conditions

3.1 Introduction

This chapter deals with the closed-loop analysis of the single-phase single-stage GPV
inverter using different control strategies assuming certain ideal conditions defined after-
ward. It is the author’s belief that this is a necessary step in order to fully understand
the system’s behavior. Moreover, the controllers designed under ideal conditions rep-
resent a good start for the development of more robust control schemes. Hence, the
primary objective of this chapter is to obtain controllers that assures the stability (local
or global) of the GPV inverter and to discuss their possible implementation in a more
realistic situation.

The following assumptions represent what is referred here as “ideal conditions”:

A1. The PV array is formed of identical PV panels under the same external stimuli,
i.e., same irradiance and temperature.

A2. The PV array electrical behavior is described according to (2.4) where Ψ, α, and
Λ are known parameters.

A3. The grid voltage is sinusoidal, i.e., vg = A sin(ωt), where A and ω are constants.

Even though these assumptions comprise a situation seldom found in reality, the
analysis of this ideal condition situation represents a necessary step to fully understand
the system’s behavior. Furthermore, the analysis of the closed-loop dynamic behav-
ior of the GPV inverter assuming ideal conditions enables the evaluation of possible
modifications of the controllers considered in order to make them adequate for more
realistic situations. Accordingly, it is necessary to take into account and emphasize
desired closed-loop characteristics that might be useful when considering more realistic
situations. Moreover, in order to have the possibility to extend the stability analysis that
will be performed in this document to the case in which more robust control schemes are
contemplated it will be desirable that the ideal situation considered emulates in some
fashion the typical operation of a GPV inverter. For this purpose, a typical control
scheme for a GPV inverter will be briefly described in order to identify the best way in
which the ideal condition analysis should be done.

17
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Figure 3.1: Typical Control Scheme for the Single-Stage Single-Phase Grid-Connected
PV Inverter

Consider a typical control scheme used for a GPV inverter, such as the one depicted in
Figure 3.1. This scheme presents three well-defined modules, namely, a maximum power
point tracker (MPPT), a controller and a pulse-width modulator (PWM). The MPPT
is needed given that normally the PV array parameters are unknown and that external
variables that affect the electrical behavior of the PV generator, such as temperature
and solar irradiance, are not measured. Therefore, the MPPT module usually consists
of an heuristic algorithm that, based on the measurements of the PV array electrical
variables (current and voltage), generates one or more reference signals to the GPV
inverter controller in order to set the PV array operating point to its maximum power
point. Notice that the change of the PV generator electrical characteristics (i.e., the PV
array i-v curve) is in the order of seconds or even minutes given that it mainly depends
on the variation of the solar incident irradiance and/or the PV panels’ temperature.
Accordingly, the MPPT algorithm updating period can be set to the same order of
magnitude than the time variation of the environmental conditions, i.e., in the order of
seconds or even minutes, without affecting considerable the energy extraction efficiency.
Under this time-constraint assumptions the effect of the MPPT algorithm dynamics in
the GPV inverter system is usually neglected, given that it can be considered “quasi-
static” compared to the dynamics of the power inverter. Summarizing, in the typical
control scheme of Figure 1.2 the MPPT generates reference signals used by the power
conditioning system’s controller in order to extract different levels of power from the
PV array until maximum power extraction is achieved. The variations of the reference
signals given are much slower in comparison with the dynamics of the GPV inverter.
Finally the PWM is in charge of generating the switching signals for the full-bridge
inverter from the duty cycle given by the controller.

Going back to the ideal condition case that is studied here, it is evident that a
MPPT is not needed given that the exact model and all the parameters of the system
are considered known. Notice that under these assumptions the references values of
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the GPV inverter that achieves a maximum power extraction from the PV array are
also known. These maximum power extraction values can be set as the desired reference
values but this won’t reflect the real behavior of the GPV system when a MPPT is used,
i.e., the MPPT is slowly changing the reference values of the GPV inverter until the
maximum power extraction is reached. Considering this situation it would be desirable
that the analyzed ideal closed-loop system is able to extract any level of power from the
PV array starting from any initial condition.

Define the desired output current as

z∗2 = kvg = kA sin(ωt), (3.1)

where k is a positive constant. From (3.1) it is possible to infer that, if the system
achieves its desired steady state, the delivered power will be proportional to k, given
that the amplitude of the grid voltage, A, is fixed such as it was stated in assumption
A.3., i.e.,

Poutss = kA2 (sin(ωt))2 ,

where Poutss is the power delivered to the grid when the desired steady state is reached.
Hence, by setting the desired output current according to (3.1) we are in fact imposing
an output level of power proportional to k. Taking this into account the control objective
that will be followed throughout this chapter is,

C1. To deliver a sinusoidal output current in phase with the utility grid voltage, i.e.,
z∗2 = kvg where z∗2 is the desired value of z2 and k is a positive constant.

The role of the scale factor k is explained in more detail in the following section by
means of a brief steady-state analysis.

3.1.1 Steady-State Analysis

Consider the steady-state relation of the GPV inverter of Figure 2.7 obtained from the
power-balance equation (2.9):

z1ssCż1ss = P(z1ss) − k2A2Lω sin(ωt) cos(ωt) − kA2 sin2(ωt), (3.2)

where z1ss is a T -periodic solution of (3.2), P(z1ss) = fpv(z1ss)z1ss represents the PV
panel generated power, and it is assumed that the output current z2 has achieved its
desired value, i.e., z2ss = z∗2 = kvg = kA sin(ωt).

In order to foresee the role of k in the system’s steady-state behaviour, each term
in (3.2) is averaged over one grid-cycle (T ), i.e.,

1

T

∫ nT

(n−1)T
z1ssCż1ss dt

︸ ︷︷ ︸

=0

=
1

T

∫ nT

(n−1)T
P(z1ss) dt

−
1

T

∫ nT

(n−1)T
k2A2Lω sin(ωt) cos(ωt) dt

︸ ︷︷ ︸

=0

−
1

T

∫ nT

(n−1)T
kA2 sin2(ωt) dt

︸ ︷︷ ︸

=0.5kA2
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The advantage of averaging (3.2) over T is that many T -periodic terms disappear.
Indeed, given that ż1ss is an unbiased T -periodic signal, the average value of the first
term of (3.2) is equal to zero. In a similar way, as indicated in the above expression,
other sinusoidal terms disappear. As a result, the following relationship between the
PV array power and k yields:

1

T

∫ nT

(n−1)T
P(z1ss) = P(z1ss) = 0.5kA2, (3.3)

where the upper bar denotes an averaging function defined in the following way:

(·) =

∫ nT

(n−1)T
(·) dτ

Denote Z1 as the time invariant value of z1ss that satisfies (3.3). Given that A is
fixed (assumption A3), then k ∝ P(z1ss), and hence the PV array power vs. voltage
curve (e.g. Figure 2.2 ) can also be interpreted as a scaled version of the k vs. Z1 curve
as it is shown in Figure 3.2. Notice that this curve is a steady-state “averaged-like”
representation of the state variables which simplifies the analysis of the system since the
time-dependent steady-state variables will oscillate around these values.

        
 

 

 

 

 

 

 

 

 

Z1

k

Maximum Power Point

(Z1(k1),k1) (Z1(k1),k1)

Figure 3.2: Steady-State relationship: capacitor voltage time invariant value (Z1) vs.
proportional output current amplitude k.

As it can be deduced from Figure 3.2 there are two values of Z1 possible for a specific
value of k, with the exception being the maximum power point. That is, given a value
of k the PV operating point may settle around two different values of Z1. Recall that,
according to the observation pointed out at the beginning of this chapter, in normal
non-ideal conditions the extracted PV power may not be the maximum one. Therefore,
in order to emulate a practical system as much as possible and in order to study the
behavior of the closed-loop system when two equilibrium points appear, the scale factor
k is defined in such a way that the desired PV power is less than the maximum possible
one.
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3.1.2 Simulation Study

A series of simulation results are presented throughout this chapter in order to study
the closed-loop behavior of the GPV inverter with the different proposed controllers.
All of the simulations consider the GPV inverter of Figure 2.7, with the parameters
shown in Table 3.1, and assuming a utility grid with an amplitude of 312 V and a 50 Hz
frequency. Additionally, the PV array is simulated in accordance with assumption A2
using the parameters listed in Table 3.2 and the constitutive curves shown in Figure 3.3.
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Figure 3.3: PV array electrical curves used in the simulations

Table 3.1: GPV Inverter Parameters

Parameter Symbol Value

Capacitor C 2.2 mF

Inductor L 1 mH

Table 3.2: PV Array Parameters for a Solar Irradiance of 1000 Wm−2)

Parameter Value

Λ 6.1

Ψ 1.35e−7

α 0.026

The simulation test considered are constructed in accordance with the objective of
this chapter, that is, to analyze the ideal behaviour of the GPV system in order to
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draw useful conclusions when more realistic situations are taken into consideration. The
results of these simulations will be shown for every controller designed in this chapter.
The simulation cases are chosen in order to analyze the closed-loop dynamics of the
system when a power level less than the maximum available power is extracted from
the PV array. In this case, as shown in the previous subsection, the state variable z1

can oscillate around two possible equilibrium points (see Figure 3.2). Notice also that
for a given value of k there are three possible ways in which the system can reach the
steady-state value of z1: from the left, from the right and from the top as shown in
figures 3.3, 3.4, and 3.5.

Based on the previous observation three simulation cases are considered in which
the control objective C.1 is pursued with z∗2 = kvg where k = 0.063. This desired
reference value corresponds to an output power of 3066 W and a current amplitude of
kA = 19.656 A. The initial condition for z2 is the same in all the cases, z2(0) = 0. The
simulation cases differ in the value of the initial condition for z1 as detailed next.

Simulation Case 1.

In this case the initial condition for z1 is set to z1(0) = 638.4 V. This simulation
case is shown graphically in Figure 3.4.
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Figure 3.4: Simulation Case 1
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Simulation Case 2.

The following initial condition is considered: z1(0) = 574.4 V. Figure 3.5 shows graphi-
cally this case.
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Figure 3.5: Simulation Case 2

Simulation Case 3.

In this case, the initial condition is set to z1(0) = 410.2 V. This simulation case is
shown graphically in figure 3.6.
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Figure 3.6: Simulation Case 3
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3.1.3 Controllers Designed

The design of the controllers presented in this section are primarily based on similar
control schemes used for the full-bridge rectifier. Indeed, note that the same converter
structure of Figure 2.7 can be used as an AC-DC converter if the energy flow goes in
the opposite direction and if the PV array is substituted by a load. In spite of the
differences, the control objectives for the full-bridge rectifier are rather similar than the
ones for the GPV inverter. In both cases the inductor current has to be in phase with
the utility grid voltage and the capacitor voltage needs to be regulated to a desired
DC value. Moreover, the theoretical closed-loop analysis found in the literature for the
full-bridge rectifiers is more complete that the one found for the GPV inverters.

In accordance with the previous remark, the first control scheme presented is based
on the intuitive time-scale separation between the fast dynamics of the inductor cur-
rent and the slow dynamics of the capacitor voltage. This idea, known as “singular
perturbation methods”, has been described in [30] and [31] and enables to analyze the
inductor current dynamics and the capacitor voltage dynamics separately under cer-
tain assumptions. In accordance with this idea, a feedback linearization based controller
which leaves the capacitor voltage dynamics “unobservable” is designed. In order to
overcome this problem the capacitor voltage dynamics is analyzed separately assuming
the steady-state value of z2 as it is described in detail in Section 3.2.2.

The second controller analyzed in this section is a sliding mode controller. Sliding
mode controllers have been used successfully in switched power converters ([4], [5], [10],
[54], [56]), mainly because switched converters can be modeled as variable structure
systems leading to a straight forward application of sliding mode control techniques.

The other proposed controllers are based on a nonlinear control technique called
passivity-based control (PBC). A passive system can be described by means of the sys-
tem’s energy and presents suitable stability properties. The passivity-based control
technique makes use of this fact to render the closed-loop system passive with a de-
sired energy function [48]. PBC applied to power converters has been a fruitful area of
research in the recent years ([16], [17], [27], [38]). The first PBC technique described
in this section is based on the controllers derived for the full-bridge rectifiers presented
in [15], [16], and [27]. Additionally some results presented in [26] for tuning the control
parameters of DC-DC converters has been used in the GPV inverter control design.

Finally, the last control design presented is based on [55]. Here, based on passivity
properties, a Lyapunov function useful for designing a globally stabilizing controller is
presented.
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3.2 Controller Based on Feedback Linearization

Feedback linearization transforms a nonlinear system dynamics into a linear one. It dif-
fers from conventional linearization in the sense that feedback linearization is achieved by
exact state transformation. Feedback linearization amounts to cancel the nonlinearities
so that the closed-loop dynamics is in a linear form.

In the case of the GPV inverter, input-output linearization is applied. Input-output
linearization aims to find a direct and simple relation between the system output and
the control input. Recall the system dynamic equations (2.7) and (2.8) rewritten here
for convenience,

Cż1 = −µz2 + fpv(z1) (3.4)

Lż2 = µz1 − vg, (3.5)

and consider the system’s output y to be equal to the output current z2. The system’s
input is signal µ ∈ [−1, 1] which represents the modulator signal of the pulse width
modulator. Notice, that it is possible to obtain an explicit relationship between the
output y and the input µ differentiating the output once:

ẏ = ż2 =
1

L
(µz1 − vg).

Defining a “new” control input w to be of the form

w = µz1, (3.6)

yields the following linear relationship between the system’s output, z2, and the defined
control input w:

ż2 =
1

L
(w − vg). (3.7)

Remark 3.1. Notice that:

• By means of the input-output linearization, the dynamics of (3.4) and
(3.5) are decomposed into an external part (the dynamics of the output
current defined by (3.7)) and an internal “unobservable” part, i.e., the
dynamics of the capacitor voltage.

• The external part consists of a linear output relation between z2 and w
which makes it possible to use the well known linear control techniques.

• The internal part needs to be analyzed in order to assure the stability of
the closed-loop system.

3.2.1 Linear Current Controller

This subsection presents the design of a linear controller for the previously obtained
dynamics (3.7). First, the Laplace transform is applied to (3.7):

Z2(s) =
1

sL
(W (s) − Vg(s)). (3.8)
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Figure 3.7: Output Current Control Structure for the feedback linearization system

Using the control structure depicted in Figure 3.7, where GL(s) represents the added
controller, yields the following function in the Laplace domain for the output current,

Z2(s) =
Z∗2 (s)GL(s) − Vg(s)

sL + GL(s)
. (3.9)

In agreement with assumption A.3 and control objective C.1 presented in Section 3.1,
the variables z2 and vg can be set to:

vg(t) = A sin(ωt) ⇒ Vg(s) =
Aω

s2 + ω2
,

and

z∗2(t) = kA sin(ωt) ⇒ Z∗2 (s) =
kAω

s2 + ω2
,

substituting these expressions into (3.9) yields:

Z2(s) =
kAωGL(s) − Aω

(s2 + ω2)(sL + GL(s))

=
kAω

s2 + ω2
− H(s), (3.10)

where

H(s) =
Aω + kAωsL

(s2 + ω2)(sL + GL(s))
.

According to (3.10), the output current will eventually track signal z∗2 with no error
if

lim
t→∞

L−1 {H(s)} = 0.

where L−1 represents the inverse Laplace transform.

Notice that if GL(s) is designed in such a way that no zero-pole cancellation occurs,
function H(s) will contain two complementary imaginary poles, namely, s = ±j ω, which
in the time domain transaltes into a nonvanishing periodic component. On the other
hand, if GL(s) is designed in order to cancel these two complementary imaginary poles,
it is possible to obtain an expression of H(s) that only contains negative real poles.

For example, consider the following proposed linear controller,

GL = KP +
KIs

s2 + ω2
=

KP (s2 + ω2) + KIs

s2 + ω2
. (3.11)
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Substituting 3.11 into H(s) yields,

H(s) =
Aω + kAωsL

Ls3 + KP s2 + (Lω2 + KI)s + KP ω
, (3.12)

and transformed in the time-domain,

h(t) = AωC1 exp(α1t) + AωC2 exp(α2t) + AωC3 exp(α3t) (3.13)

where

Cn =
1 + kLαn

3α3
nL + ω2L + KI + 2αnKP

, for n = 1, 2, 3.

and αn represents the roots of the following polynomial:

s3L + s2KP + (ω2L + KI)s + ω2KP . (3.14)

The polynomial (3.14) is stable as the Root-Hurwitz stability criteria reveals:

s3

s2

s1

s0

∣
∣
∣
∣
∣
∣
∣
∣

L (Lω2 + KI)
KP KP ω2

KI

KP ω2

The controller of (3.11) assures that the output current will track with no error the
reference signal z∗2 . The control parameters KP and KI can be tuned to shape the
output current transient response.

Remark 3.2. The controller of (3.11) is often used to control power inverters.
As mentioned in [62] this control structure can be referred as an integrator for
sinusoidal signals due to the fact that it has the same effect on a sinusoidal
signal than a typical integrator has on a DC signal, i.e., it offers infinite gain
at a certain frequency while the DC integrator presents infinite gain for DC
signals. This “generalized integrator” control structure, also called resonant
controller or p + resonant (P+R) controller when a proportional controller is
added, has been used with success in the recent years in power inverters [63].
In [57] and [58] a P+R controller is used for GPV inverter applications.

As stated initially, the control signal µ defined above should be restricted to live in
the closed interval [−1, 1]. Thus, in order to guarantee the existence of µ, at least in the
steady-state regime, the following condition should hold:

−1 ≤ µss(t) ≤ 1,

where µss(t) is the steady-state value of the control signal µ(t), i.e.,

µss(t) =
Lż∗2 + vg

z∗1
.

Hence, in order to guarantee the existence of µss the following condition should hold:

−1 ≤
A

z1

√

1 + (kωL)2 sin(ωt + φ) ≤ 1. (3.15)
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Notice that the design of the linear controller only accounts for a part of the closed
loop dynamics, i.e., the inductor current dynamics, while rendering the capacitor voltage
dynamics “unobservable” from the controller viewpoint. Taking advantage of the feed-
back linearization terminology, the voltage dynamics is referred in this case as “internal
dynamics”, due to the fact that it cannot be seen from the external stimuli. Since the
control design must account for the whole dynamics, the internal dynamics is analyzed
in the next subsection. Notice that if the internal dynamics is stable, i.e., that z1 re-
mains bounded during the tracking of z2, the usefulness of this current control approach
will be proved.

3.2.2 Internal dynamics

As mentioned previously, the effectiveness of this control approach hinges upon the
stability of the internal dynamics, that is, for this specific case, the boundness of z1. In
order to analyze the internal dynamics of the system with the controller (3.11) it would
be necessary to substitute the control signal µ for the control signal generated by (3.11)
in the dynamics of the GPV inverter, that is,

µ = KP e2(t) −L−1

{
KIs

s2 + ω2
E2(s)

}

Cż1 = −µz2 + fpv(z1)

Lż2 = µz1 − vg,

where e2(t) = z2 − z∗2 and E2(s) = L{e2(t)}. The study of the previous set of equa-
tions is quite burdensome and therefore a simpler way to analyzed the system’s internal
dynamics is explored.

Singular Perturbation Modeling

An alternative to the complete internal dynamics analysis is to define the system as a
singular perturbation model, which is briefly described next.

Definition 3.1 (Singular Perturbation Model - [31]). A singular perturbation
model of a dynamical system is a state model of where the derivative of some
states are multiplied by a small positive parameter ǫ, i.e.,

ẋsp = f(t, xsp, zsp, ǫ), xsp ∈ R
n (3.16)

ǫżsp = g(t, xsp, zsp, ǫ), zsp ∈ R
m (3.17)

where f and g are continuously differentiable in their arguments.

Remark 3.3. The scalar ǫ represents all the small parameters to be neglected.
Setting ǫ = 0 the dimension of the state space (3.16) and (3.17) reduces from
m+n to n because the differential equation (3.16) degenerates into an algebraic
or a transcendental equation:

0 = g(t, xsp, zsp, 0). (3.18)
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Remark 3.4. Consider zsp = h(xsp, t) to be the solutions of (3.18), and substi-
tute it on (3.16), then the following reduced model is obtained:

ẋsp = f(t, xsp, h(xsp, t), 0). (3.19)

As ǫ ≪ 1 the dynamics of (3.16) are well approximated to (3.19). Moreover,
the error involved in this approximation is small, i.e., O(ǫ).

As it can be concluded from the previous remarks singular perturbation model-
ing provides a formal means of identifying time-scale separation in state-space models.
Furthermore, the time-scale separation between the fast dynamics associated with the
inductor currents and the slow dynamics associated with the capacitor voltages is nor-
mally assumed when designing control schemes for power converters (e.g., the typical
two-loop cascade control structure formed by an inner current loop and an outer voltage
loop). Consequently, the singular perturbation method is applied next to the single-
phase single-stage GPV inverter.

In order to formulate the system as a singular perturbation model, the right-hand
sides of the dynamic equations (2.7) and (2.8) must be of the same order of magnitude.
This is accomplished by introducing Vmax and Imax, which are the value of the open
circuit PV array voltage and the maximum amplitude of the output current, respectively.
Both of these values can be derived from the PV panel specifications at an irradiance
of 1000 Wm−2, which is normally the highest irradiance that a PV array receives. The
system dynamics, equation (2.7) and (2.8), can now be placed into standard singular
perturbation form,

ż1 =
Imax

C

(

−µ
z2

Imax
+

fpv(z1)

Imax

)

(3.20)

ǫż2 =
Imax

C

(

µ
z1

Vmax
−

vg

Vmax

)

, (3.21)

where ǫ = LImax/VmaxC and the state variables z1 and z2 have been normalizes, i.e.,
z2

Imax
∈ [−1, 1] and z1

Vmax
∈ [−1, 1]

Given that, for practical applications, Imax ≪ Vmax and L < C then ǫ ≪ 1, which
implies that ż2 ≫ ż1, that is, z2 is able to change more rapidly than z1 and therefore a
time-scale separation exists.

Slow Dynamics Analysis

As stated above, with the “quasi-steady” state behavior of z2, the “well-behaved” dy-
namics of z1 has to be proven in order to assure the effectiveness of the current control
approach. Hence, taking ǫ = 0 the dynamics of the GPV inverter, i.e. equations (3.20)
and (3.21), yields:

ż1 =
1

C
(−µz2 + fpv(z1))

0 = µz1 − vg,

from which the following equation can be derived

z1Cż1 = z1fpv(z1) −
kA2

2
+

kA2

2
cos(2ωt), (3.22)
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z1Cż1 = z1 (Λ − Ψeαz1) −
kA2

2
+

kA2

2
cos(2ωt)

where vg has been substituted according to assumption A3 and z2 has taken its quasi-
steady state value, i.e., z∗2 = kA sin(ωt). Notice also that fpv(z1) has been rewritten
according to the considered PV array model (equations 2.4, 2.5).

The following change of variables is applied in order to facilitate the resolution of
the previously stated differential equation:

E = 0.5Cz2
1

P(E) =

√

2E

C

(

Λ − Ψe
α

q

2E

C

)

ϕ(t) =
kA2

2
cos(2ωt),

where E represents the energy stored in the capacitor and P is the power generated by
the PV array. The differential equation (3.22) in terms of these defined variables yields:

Ė = P(E) −
kA2

2
+ ϕ(t). (3.23)

In order to validate the usefulness of the current controller (3.11) it is only necessary
to proof the stability of the solutions of the differential equation (3.23). The stability
analysis of this equation can be simplified studying its “error dynamics”, i.e., considering
the system when the desired steady-state is achieved:

Ė∗ = P(E∗) −
kA2

2
+ ϕ(t), (3.24)

where E∗ is the steady-state value of E for a given k. From equations (3.23) and (3.24)
yields the following error dynamics:

˙̃E = P̃(E , E∗) = P(E) − P(E∗), (3.25)

where Ẽ = E − E∗, P : E 7→ R and E ⊂ R
+.

In order to analyze the stability of (3.23) the following Lyapunov function is consid-
ered:

V = 0.5 Ẽ2, (3.26)

which is a positive definite function and its derivative along the trajectories of 3.25 is:

V̇ = ẼP̃(E , E∗). (3.27)

Before continuing with the stability analysis it might be clarifying to summarize
some important remarks/assumptions previously mentioned:

• The controller is designed in order to track a desired current signal, i.e., z∗2 = kvg,
where k is given in order to extract a desired value of power from the PV array.

• For a given value of k there are two possible solutions of E for (3.23), one in the left-
hand side of the P vs E curve and other in the right-hand side (see Figure 3.8).
This solutions will be denoted as E∗

LH
and E∗

RH
for the left-hand side and right-

hand side solution, respectively. These solutions are assumed to be periodic with
an averaged value denoted as E∗

LH
and E∗

RH
. Note that both solutions allow to

extract the desired output power. Consequently, for the considered controller, no
explicit control action is designed in order to track an specific solution of E .
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Figure 3.8: Power generated by the PV array (P = z1fpv(z1)) vs. Energy storage in the
capacitor (E = 0.5z2

1)

Taken into account the aforementioned remarks, the stability analysis is split in two
parts. First, consider solution E∗

LH
and the set ELH := {E|0 ≤ E < EMPP} where EMPP

is the value of E which achieves maximum power generation from the PV array (see
figure 3.8). Then, the derivative of V for all E ∈ ELH is:

V̇ = ẼLH P̃LH (E , E∗
LH

), (3.28)

where P̃LH = PLH−P(E∗
LH

), PLH : ELH 7→ R, and the subscript (·)LH is added to stress the
fact that only the left-hand side of the P vs. E curve is considered, e.g., ẼLH = E − E∗

LH

where E ∈ ELH .

Theorem 3.1 (Mean Value Theorem). Assume that f : R
n 7→ R is continu-

ously differentiable at each point x of an open set S ⊂ R
n. Let x and y be two

points of S such that the line segment L(x, y) ⊂ S. Then there exists a point b
of L(x, y) such that

f(y) − f(x) =
∂f

∂x

∣
∣
∣
∣
x=b

(y − x).

By the mean value theorem equation (3.28) can be written in the following way:

V̇ = Ẽ2
LH

M(E , E∗
LH

). (3.29)

Notice that function M(E , E∗
LH

) is always positive for E ∈ ELH , e.g., for a time instant
t = t1 where E(t1) ∈ ELH , M is equal to:

M(E(t1), E
∗
LH

(t1)) =
dP(E)

dE

∣
∣
∣
∣
E=E1

(3.30)

where E1 ∈ ELH is a point on the line segment connecting E(t1) with E∗
LH

(t1), and given
that only the left-hand side is being considered M(E(t1), E

∗
LH

(t1)) > 0.
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According to Chetaev’s theorem (a.k.a. Lyapunov unstability theorem, see theorem
4.3 in [28]) the origin of the error dynamics of equation (3.25) considering E∗

LH
is unstable.

Similarly, the aforementioned procedure can be applied to the right-hand side of the
P vs E curve, i.e., consider the solution E∗

RH
and the set ERH := {E|EMPP ≤ E < EOC}

where EOC = 0.5CV 2
OC

and VOC is the open circuit voltage of the PV array. Accordingly,
the derivative of V for all E ∈ ERH is:

V̇ = ẼRH P̃RH (E , E∗
RH

), (3.31)

where P̃RH = PRH − P(E∗
RH

) and PRH : ERH 7→ R.
Using the mean value theorem, equation (3.31) can be written in the following way:

V̇ = Ẽ2
RH

M(E , E∗
RH

). (3.32)

In this case function M(E , E∗
RH

) is always negative for E ∈ ERH and therefore the
origin of the error dynamics of equation (3.25) when E∗

RH
is considered is stable for all

E ∈ ERH .

Remark 3.5. The following conclusions can be deduced from the aforementioned
stability analysis:

• The dynamics of equation (3.25) considering E∗ = E∗
LH

is unstable.

• When E ∈ ERH the dynamics of the state variable z1 =
√

2E/C is stable
and after a transient time will be equal to

√

2E∗
RH

/C, where E∗
RH

is the
solution of E in the right-hand side of the P vs. E curve for a given k.

In spite of the fact that some important remarks concerning the voltage dynamics
stability has been obtained its stability analysis is not complete yet. Notice that, even
though the equilibrium point Ẽ = 0 of (3.25) is unstable when E∗ = E∗

LH
, this might

not be the case when E∗ = E∗
RH

and E(0) ∈ ELH . In other words, in order to complete
the voltage stability analysis, the dynamics of equation (3.25) has to be analyzed when
E(0) ∈ ELH and E∗ = E∗

RH
.

Remark 3.6. Consider the dynamics of (3.25) when E(0) ∈ ELH and E∗ = E∗
RH

,
then the following statements holds:

• Ẽ < 0

• If P(E(0)) > P(E∗
RH

(0)) ⇒ V̇ = ẼP̃(E , E∗
RH

) < 0 and then E will increase
until it reaches the right-hand side of the the P vs. E curve.

• If P(E(0)) < P(E∗
RH

(0)) ⇒ V̇ = ẼP̃(E , E∗
RH

) > 0 and then E will decrease
until the condition of (3.15) does not hold anymore and therefore not
allowing the current controller to obtain a sinusoidal output current.

Therefore, it can be concluded that the presented input-ouput feedback linearization
controller can track the reference signal E∗

RH
correctly under the following conditions:

• when E ∈ ERH for all time.
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• when E ∈ ELH and P(E) > P(E∗
RH

) for all time.

The previously mentioned observations are graphically shown in Figure 3.9, where
the vector field of the T -averaged dynamics of (3.25) is depicted.
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Figure 3.9: Direction field of the T-averaged dynamics of equation (3.25)

Simulation Results

The simulation cases described in Section 3.1.2 are studied for the controller based
on feedback linearization. The controller of equation (3.11) was simulated with the
following parameters: KP = KI = 500. These parameters values were selected in such
a way that a fast transient response is obtained.
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Simulation Case 1. Controller Based on Feedback Linearization

The following figures show the results for the simulation case 1. Notice that the current
z2 achieves its desired sinusoidal shape after a transient time shorter than a quarter of a
grid period. On the contrary, the desired capacitor value is not achieve until t = 3 s. The
capacitor voltage stabilized in 611.5 V to the corresponding equilibrium point belonging
to ERH .
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Figure 3.10: Voltage across the capacitor (z1)
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Figure 3.11: Current injected into the grid and scaled grid voltage (top). Zoom window
showing the output current z2 and its reference value z∗2 (bottom)
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Simulation Case 2. Controller Based on Feedback Linearization

The figures below show the results for the simulation case 2. Notice that the stabi-
lization time is quite similar to the previous case.
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Figure 3.12: Voltage across the capacitor (z1)
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Figure 3.13: Current injected into the grid and scaled grid voltage (top). Zoom window
showing the output current z2 and its reference value z∗2 (bottom)
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Simulation Case 3. Controller Based on Feedback Linearization

The following figures shows the results for the simulation case 3. In this case as it
was foreseen in the internal dynamics analysis (Section 3.2.2, Remark 3.6) the controller
is not capable of maintaining the condition that assures the existence of the current
control signal, equation (3.15), due to the unstable voltage dynamics.
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Figure 3.14: Voltage across the capacitor (z1)
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Figure 3.15: Current injected into the grid
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3.3 Sliding Mode Current Controller

Given that sliding mode controllers are used with success in order to track sinusoidal
signals in power converters ([4] and [10]) a sliding mode current controller design is
studied. Sliding mode control forces the state space trajectories to reach a sliding
manifold in finite time and to stay on the manifold for all future time. By using a lower
order model, the sliding manifold, also called sliding surface, is designed to achieve
the control objective. The most important feature of the sliding mode approach is the
low sensitivity to system parameter variations because the motion in the manifold is
independent of uncertainties. The sliding mode controller primary function is to switch
between two distinctively different system structures such that a new type of system
motion, called sliding mode, exists on the manifold. Since power converters inherently
include switching devices, where the control variable can assume only a discrete set of
values, it is natural to consider sliding mode strategies to synthetize the switching policy.

Given that the sliding mode control inherently includes the power converter switching
policy, i.e., that no PWM is required, the GPV inverter model is written in the following
way:

Cẋ1 = −ux2 + fpv(x1)

Lẋ2 = ux1 − vg,
(3.33)

where x1 and x2 are the instantaneous capacitor voltage and output current and u ∈
{−1, 1} is the control signal which translates into the switching signal, δ, according to
the following relation:

δ =
u + 1

2
.

The design of the sliding control law is carried out by applying the equivalent control
concept [59]. This technique can be summarized in the following three steps:

• The first step consists in the choice of a sliding surface σ(x, t) = 0 that provides
the desired asymptotic behavior.

• Then, the equivalent control, ueq, has to be obtained. The equivalent control is the
feedback control law that ideally contraints the state trajectories to σ(x, t) = 0.
This control is obtained by applying the invariance condition σ̇|σ=0,u=ueq = 0.
Additionally, the existence of the equivalent control within the control bounds has
to be proved, i.e.,

min{u} < ueq < max{u}.

The previous condition determines the region in the state space in which the sliding
mode can be created, i.e., the sliding domain.

• Finally, the actual control law is obtained using as a Lypunov function 1
2σ2 and

imposing σσ̇ < 0.

According to the aforementioned three steps, the design procedure of the sliding
control law is given as follows.

The following sliding surface is proposed:

σ(x2) = x2 − x∗2 = x2 − kvg, (3.34)

where k is a positive constant which determines the PV array operating point.
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The sliding surface (3.34) assures that when the sliding motion is reached, the output
current will track the reference signal, i.e., x2 = x∗2 = kvg.

In order to assure the desired sliding motion the following condition has to be satis-
fied [59]:

−1 < ueq < 1 (3.35)

where ueq stands for the equivalent control. The latter is obtained considering the
invariance condition σ̇|σ=0,u=ueq = 0, namely:

ẋ2 − ẋ∗2 = 0
ueqx1 − vg

L
− ẋ∗2 = 0

yielding,

ueq =
Lẋ∗2 + vg

x1
=

A

x1

√

1 + (kωL)2 sin(ωt + φ)

where φ = arctan(kωL). Substituting the above expression in (3.35) yields:
∣
∣
∣
∣

A

x1

√

1 + (kωL)2
∣
∣
∣
∣
< 0. (3.36)

Considering that normally kωL ≪ 1, a simpler condition can be found:

A < x1 (3.37)

Ideally, when condition (3.36) holds and the state variables lie inside the sliding
surface σ = 0, there will be a sliding motion over the sliding surface, and therefore the
output current will be equal to its reference value.

Therefore, it can be concluded that, with the sliding surface (3.34), if the capacitor
voltage is greater than the utility grid amplitude voltage, the system will reach the slid-
ing domain and therefore it will track the desired reference signal. The restriction (3.36)
is coherent with the intrinsic step-down characteristic of the full-bridge inverter of Fig-
ure 2.7. Also notice that the sliding condition (3.36) is equal to the condition obtained
for the feedback linearization controller (3.15).

Finally, according to [59], the power converter will reach the sliding surface if σσ̇ < 0
, i.e.,

σ(ẋ2 − ẋ∗2) < 0

σ

(
ux1 − vg

L
− ẋ∗2

)

< 0

σ(u − ueq) < 0.

which leads to the following control law:
{

u = +1 for σ < 0
u = −1 for σ > 0.

(3.38)

Similarly to the feedback linearization controller case, it is necessary to study the
dynamics of the state variable x1 when the sliding mode is achieved. This analysis
is required in order to assure that condition (3.36) holds in any case. Nevertheless,
notice that the error dynamics of the system when the sliding motion over the sliding
surface is reached is tantamount to the error dynamics already analyzed for the feedback
linearization control, equation (3.22), and therefore the same conclusions obtained in
that case can be applied to the sliding mode controller case.
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Simulation Results

The simulation cases described in Section 3.1.2 are studied for the previously presented
sliding mode controller. The sliding surface (3.34) is used and the control signal u is
obtained according to (3.38).
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Simulation Case 1. Sliding Mode Controller

The following figures shows the simulation results for the simulation case 1. Notice
that due to the properties of the sliding controller design the output current has a con-
siderably shorter transient response than the case of the controller based on feedback
linearization. The transient response of the capacitor voltage z1 is also shorter with
respect to the controller, it reaches its desired value at t =0.4 s approximately.
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Figure 3.16: Voltage across the capacitor (z1).
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Figure 3.17: Amplitude of the current injected into the grid (top). Zoom window
showing the output current z2 (bottom).
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Simulation Case 2. Sliding Mode Controller

The following figures shows the simulation results for the simulation case 2. The dy-
namic closed-loop behavior is quite similar than the previous case. Both state variables
reach their desired steady-state value.
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Figure 3.18: Voltage across the capacitor (z1).
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Figure 3.19: Amplitude of the current injected into the grid (top). Zoom window
showing the output current z2 (bottom).
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Simulation Case 3. Sliding Mode Controller

The following figures shows the simulation results for the simulation case 3. Notice
that according to the instability behavior of the capacitor voltage z1 the condition of
existence (3.36) is lost and therefore the output current cannot be kept sinusoidal. Sim-
ilarly to the case of the controller based on feedback linearization, this result confirms
the validity of the analysis done in Section 3.2.2.
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Figure 3.20: Voltage across the capacitor (z1).
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Figure 3.21: Current injected into the grid.
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3.4 Passivity Based Controllers (PBC)

The term passivity-based control (PBC) is used to denote all the nonlinear control
techniques whose aim is to render the closed-loop passive [48]. This control technique
has gained a lot of interest among both practitioners and control theoreticians mainly
because it does not hide the original structure of the system. On the contrary, the PBC
technique makes use of the energy structure of the system in order to decompose the
system into simpler subsystems, that upon interconnection, add up their energies to
determine the full system’s behavior [49]. Correspondingly, the controller is understood
as another dynamical system interconnected with the process to modify its behavior.

The interest of obtaining a passive closed-loop system stems from the addressed
stability properties present in a passive system. These properties will be briefly ad-
dressed since they play an important role when designing passivity-based controllers.
The presented definition and lemmas are mainly taken from [28].

Consider the system defined by the following dynamic equations:

ẋp = f(xp, up) (3.39)

yp = h(xp, up), (3.40)

where: f : R
n × R

m → R
n is locally Lipschitz.

h : R
n × R

m → R
n is continuous.

The system (3.39)-(3.40) is supposed to by interconnected with the environment through
some port power variables up ∈ R

m and yp ∈ R
m, which are conjugated in the sense

that their product has units of power.

Remark 3.7. As it has been pointed out in [48] and [49] the passivity concept can
be related to the energy-balancing property present in every physical system:

H[xp(t)] − H[x(0)]
︸ ︷︷ ︸

stored energy

=

∫ t

0
uT

p (τ)yp(τ)dτ

︸ ︷︷ ︸

supplied energy

−

∫ t

0
Pdis(τ)dτ

︸ ︷︷ ︸

dissipated energy

(3.41)

where Pdis(t) is a nonnegative term that represents the dissipation effects
present in the physical system.

Definition 3.2 (Passive System). The system (3.39)- (3.40) is said to be passive
if there exists a continuosly differentiable positive semidefinite function H(xp),
called storage function, such that

uT
p yp ≥ Ḣ ∀(xp, up) ∈ R

n × R
m, (3.42)

and defines a passive map up 7→ yp. Notice that (3.41) is obtained by integrat-
ing (3.42).



44 Chapter 3. Analysis and Control Under Ideal Conditions

Remark 3.8. Depending on the system characteristics the following passive
terminology is used:

• A passive system is lossless if uT
p yp = Ḣ.

• A passive system is input strictly passive if uT
p yp ≥ Ḣ + uT

p ς(up) and

uT
p ς(up) > 0, ∀up 6= 0.

• A passive system is output strictly passive if uT
p yp ≥ Ḣ + yT

p ϕ(yp) and

yT
p ϕ(yp) > 0, ∀yp 6= 0.

• A passive system is strictly passive if uT
p yp ≥ Ḣ +ϑ(xp) for some positive

definite function ϑ(xp).

Next, some stability properties for passive systems are described. Only the main
statements are written. The reader is referred to [28] for more information and their
respective proofs.

Lemma 3.1 (Stability of passive systems). If the system (3.39)-(3.40) is
passive with a positive definite storage function H(xp), then the origin of
ẋp = f(xp, 0) is stable.

Lemma 3.2 (Asymptotically stability of passive systems). Consider the sys-
tem (3.39)-(3.40). The origin of ẋp = f(xp, 0) is asymptotically stable if the
system is strictly passivea. Furthermore, if the storage function is radially un-
bounded, the origin will be globally asymptotically stable.

aThe asymptotically stability of the system can also be corroborated if the system is output
strictly passive and zero-state observable

3.4.1 Passivity in the Single-Phase Single-Stage GPV

Consider the single-phase single-stage GPV inverter model described by the differential
equations (2.7) and (2.8), which are rewritten for convenience as,

Cż1 = −µz2 + Λ − Ψ exp(αz1) (3.43)

Lż2 = µz1 − vg. (3.44)

Two different PBC techniques will be applied to the system (3.43), (3.44) in order
to make the closed-loop system passive and to meet the required control objectives.

The first technique, described thoroughly in [25] and [48], consists on modifying the
energy of the system and adding damping by modification of the dissipation structure.
This technique has been applied successfully to DC-DC converter ([17], [26], [48]) and
AC-DC converters ([15], [18], [16], and, [27]). However, to the author’s knowledge, this
technique has not been studied for DC-AC converters, and more specifically, for the
single-phase single-stage inverter considered. As will be shown in the following section,
applying the damping injection technique to the GPV inverter involves dealing with the
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nonlinear electrical characteristics of the PV array and the time-varying nature of the
desired output current.

The second PBC technique applied to the GPV inverter redefines the passive output
of the system based on the decomposition of the system into a static and a dynamic
part. This technique has been introduced by Sanders et al in [55], and is successfully
applied to a boost DC-DC converter in [38] and to AC-DC converters in [32] and [33].
Again, in the reviewed literature no reference was found indicating the application of
this technique to dc-ac converters or GPV inverters.

3.4.2 Damping Injection PBC

The damping injection PBC technique modifies the dissipation structure of the system
in order to damp the errors in the state variables. This technique was initially applied to
the derived Euler-Lagrange (EL) equations of power converters [48]. A model described
by the Euler-Lagrange equations preserves the physical structure of the original system
with the advantage that the interconnection of two EL system is an EL system. In [26]
a methodology for switched power converters is rewritten in terms of the Brayton-Moser
(BM) equations. The BM equations, introduced by Brayton and Moser in the mid 60s,
are derived from a certain scalar function called the mixed-potential. This function
has the units of power and can be used to analyze the stability of the network. In
contrast to the Euler-Lagrange modeling description, the BM framework describes the
system in terms of commonly measurable quantities, i.e., inductor currents and capacitor
voltages, instead of fluxes and charges. Additionally, the study of the mixed-potential
function allows to obtain quantitive restrictions on the control parameters, i.e., to tune
the injected damping, in order to avoid overshoot and oscillatory responses. Due to
these advantageous properties, the damping injection controller design procedure and
its application to the GPV inverter is done in the BM framework.

Brayton-Moser (BM) Equations

Based on the modeling of switched power converters presented in [26] the dynamics of
the GPV inverter is described by means of the following BM equation:

Qż = ∇zP (z) =

[
∂P

∂z
(z)

]T

=

[
∂P

∂z1
(z),

∂P

∂z2
(z)

]T

, z = [z1, z2]
T , (3.45)

where Q = diag(C,−L) and P (z) is the mixed-potential function which captures the
interconnection structure, dissipation structure and external signals. Following the pro-
cedure described in [26] the mixed-potential function P is obtained for the GPV inverter:

P (z1, z2) = −µz1z2 + Λz1 + vgz2 −
Ψ

α
exp(αz1). (3.46)

Notice that from (3.45) and (3.46) it is possible to obtain the original equations of
the system (3.43) and (3.44).

BM Damping Injection PBC Design

As stated previously the PBC damping injection control technique aims to obtain a
passive closed-loop system with an energy storage function and a damping structure
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such that the desired closed-loop behavior is achieved. The controller design procedure
is based on [25] and [48]. In order to introduce the PBC damping injection technique,
first the characteristics of the error dynamics of (3.43) and (3.44) are analyzed. Then,
based on the results obtained from this analysis, the PBC damping injection technique
is applied.

Consider the following “auxiliary system” which represents a copy of (3.45) in terms
of an auxiliary variable ξ = [ξ1, ξ2]

T to be defined later:

Qξ̇ −∇ξP (ξ) = 0. (3.47)

Subtracting (3.47) from (3.45) yields the following error dynamics:

Qė − (∇zP (z) −∇ξP (ξ) ) = 0, (3.48)

where e = z − ξ and

∇zP (z) −∇ξP (ξ) = ∇ePT (e) −

[
Ψ(exp(αz1) − exp(αξ1))

0

]

.

Defining the following desired storage function:

Hd =
1

2
eT Me, M = diag(C,L) (3.49)

and evaluating the derivative of Hd along the trajectories of (3.43) and (3.44) yields:

Ḣd = −PD1 (e, z1, ξ1),

where

PD1 (e, z1, ξ1) = eT

[
Ψ(exp(αz1) − exp(αξ1))
0

]

= e1 Ψ(exp(αz1) − exp(αξ1)).

Remark 3.9. Notice that the term e1Ψ (exp(αz1) − exp(αξ1)) is always positive
since when e1 = z1 − ξ1 > 0 ⇒ (exp(αz1) − exp(αξ1)) > 0 and when e1 <
0 ⇒ (exp(αz1) − exp(αξ1)) < 0. Consequently, PD1 (e, z1, ξ1) is always non-
negative.

Notice that Ḣd is only negative semi-definite. If PD1 (e, z1, ξ1) is modified in such
way that it becomes positive definite, then it is possible to make the error dynamics
asymptotically stable (with respect to the origin). This is one of the main motivation
of the PBC damping injection scheme, i.e., to add damping to the error dynamics in
order to make it asymptotically stable with respect to the origin. Therefore, in order
to obtain asymptotic stability, the closed-loop damping structure will be reshaped. To
achieve this, the auxiliary system (3.47) is modified in the following way:

−Qξ̇ + ∇ξP (ξ) −∇ePDa(e) = ΦD(ξ, e), (3.50)
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where ΦD(ξ, e) represents the perturbation of the error dynamics and PDa(e) corresponds
to the potential function that contains the injected damping, namely,

PDa(e) = 0.5Rae
2
2,

and Ra is referred as serial damping due its role in the closed-loop system. Indeed,
note that Ra can be considered as the value of a resistance connected in series with the
inductor.

With the auxiliary system (3.50) the following error dynamics yields:

Qė − (∇zP (z) −∇ξP (ξ) ) −∇ePDa(e) = ΦD(ξ, e), (3.51)

where

ΦD(ξ, e) =

[
−Cξ̇1 − µξ2 + Λ − Ψ exp(αξ1)

Lξ̇2 − µξ1 + vg + Rae2

]

,

and,

∇zP (z) −∇ξP (ξ) + ∇ePDa(e) =

∇ePT (e) −

[
Ψ(exp(αz1) − exp(αξ1))

−Rae2

]

.

Note that using the same energy storage function (3.49) the system (3.51) defines a
strictly passive map ΦD(ξ, e) 7→ e, as can be deduced from the following expression:

eT ΦD(ξ, e) = Ḣd + PD2 (e, z1, ξ1), (3.52)

where PD2 is a positive definite function defined as:

PD2 (e, z1, ξ1) = eT

[
Ψ(exp(αz1) − exp(αξ1))

0

]

+ eT

[
0 0
0 Ra

]

e.

Remark 3.10. Notice that if ΦD(ξ, e) = 0 holds the time-derivative of Hd will
be negative definite, and given that Hd is positive definite, the origin (e = 0)
of the system (3.51) is Lyapunov asymptotically stable.

Based on the aforementioned remarks, the controller is obtained in such a way
that ΦD(ξ, e) = 0 is accomplished. Hence, the controller is derived implicitly by solv-
ing (3.50), or equivalently, by solving the following differential equations:

Cξ̇1 = −µξ2 + Λ − Ψ exp(αξ1) (3.53)

Lξ̇2 = µξ1 − vg + Rae2. (3.54)

In order to derive an explicit expression for the controller µ the system 3.53-3.54 has to
be solved for µ, ξ1 and ξ2. As mentioned in [48], the procedure to follow is to set one
of the auxiliary variables equal to the desired value, that is, ξ1 = z∗1 or ξ2 = z∗2 . Both
cases are analyzed next in order to determine which one is the most adequate selection.
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Case 1

Setting ξ1 = z∗1 in (3.53) and (3.54) yields that the resulting controller is defined by

µ =
Lξ̇2 + vg

z∗1
−

Rae2

z∗1
, (3.55)

together with,

ξ2Lξ̇2 = Λz∗1 − Ψ exp(αz∗1)z∗1 − z∗1Cż∗1 − ξ̇2vg + ξ2Rae2. (3.56)

The differential equation (3.56) is quite difficult to solve analytically and numerically
due the sinusoidal nature of ξ2. Moreover, notice that in this case it is necessary to
determine the time-dependent value of z∗1(t) in order to make z∗2(t) sinusoidal, this
function is not given according to the assumptions considered in this section. Therefore
in order to obtain the controller in this case first it would be necessary to obtain z∗1(t)
from the given z∗2(t).

Case 2

On the other hand, when ξ2 is chosen to be equal to the desired value of z2, i.e., ξ2 = z∗2 ,
the sinusoidal shape of z2 is assured from the start. Here ξ1 and µ are defined by the
following equation:

µ =
Lż∗2 + vg

ξ1
. (3.57)

From (3.53), (3.54) and (3.57) yields,

ξ1Cξ̇1 = Λξ1 − Ψ exp(αξ1) − z∗2Lż∗2 − ż∗2vg + z∗2Rae2. (3.58)

This differential equation can be solved numerically using a simple change of variable,
e.g., b = ξ2

1 .

Remark 3.11. Notice that the differential equation (3.58) for Ra = 0 is the same
one as the equation described in Section 3.2.2-equation (3.22) and according
to the analysis performed in that section its dynamics becomes unstable for
some values of z1. Therefore, it is expected that the dynamics of the controller
obtained when ξ2 = z∗2 is only stable for a range of ξ1.

Tunning the injected damping

In [25], [26] a systematic tool for tuning passivity-based controllers is presented, in
which the stability criteria developed in [7] for nonlinear networks is translated to the
closed-loop system controlled by a PBC damping injection scheme. The stability criteria
presented in [25] can be used to rule out the existence of self-sustained oscillations, i.e.,
to assign lower bounds to the injected damping (Ra) in order to assure a desired dynamic
behavior in terms of, for example, overshoot and robustness against load variations. The
value of the injected damping Ra for the controller of (3.57)-(3.58) is selected according
to the tuning Theorem 6.1 presented in [25].
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Simulation Results

The simulation cases described in Section 3.1.2 are studied for the damping injection
PBC. The controller of dynamics described in equations (3.57) and (3.58) are used with
a value of Ra = 1.35.
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Simulation Case 1. PBC Damping Injection

The following figures show the simulation results for the simulation case 1. Notice
the short transient response of the output current (z2). This transient response is sim-
ilar to the one obtain for the sliding mode controller. The voltage of the capacitor z1

reaches its desired value at t =0.4 s approximately.
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Figure 3.22: Voltage across the capacitor (z1).
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Figure 3.23: Current injected into the grid (top). Zoom window showing the output
current z2 (bottom).
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Simulation Case 2. PBC Damping Injection

The following figures show the simulation results for the simulation case 2. The dy-
namic closed-loop behavior is quite similar to the simulation case 1. Both state variables
reach their desired steady-state value, which confirms the effectiveness of the designed
controllers.
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Figure 3.24: Voltage across the capacitor (z1).
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Figure 3.25: Current injected into the grid (top). Zoom window showing the output
current z2 (bottom).
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Simulation Case 3. PBC Damping Injection

The following figures show the simulation results for the simulation case 3. Notice
that according to the unstable behavior of the controller dynamics the desired output
current steady-state is lost.
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Figure 3.26: Voltage across the capacitor (z1).
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Figure 3.27: Current injected into the grid, z2.



3.4. Passivity Based Controllers (PBC) 53

3.4.3 Proportional Passive Controller

Next, a different passive control technique for the GPV inverter is presented. The
latter technique uses the system’s decomposition described in [55] in order to define the
system in terms of its steady state and its dynamical part. Based on the analysis of
the dynamical part a Lyapunov function is derived, which enables to obtain a controller
that makes the system globally stable.

Following [55], the state variables zi, with i = 1, 2 of the system of equations (2.7)
and (2.8) are decomposed into a steady-state part z∗i and a dynamical part z̃i, i.e.,
zi = z∗i + z̃i. Similarly, the duty ratio function µ is decomposed into µ = µ∗+ µ̃. In this
way, the system (3.43)-(3.44) can be rewritten as

C( ˙̃z1 + ż∗1) = −(µ̃ + µ∗)(z̃2 + z∗2) + Λ − ρ(z∗1) − ρ̃(z̃1, z
∗
1)

L( ˙̃z2 + ż∗2) = (µ̃ + µ∗)(z̃1 + z∗1) − vg,

where it is observed that ρ(z1) can be decomposed into

ρ(z1) = ρ(z∗1) + ρ̃(z̃1, z
∗
1),

with
ρ̃(z̃1, z

∗
1) = Ψ [ exp (α z̃1 + α z∗1) − exp (αz∗1)].

Extracting the steady-state relations

Cż∗1 = −µ∗z∗2 + Λ − ρ(z∗1)

Lż∗2 = µ∗z∗1 − vg,
(3.59)

leaves the input-nonlinear time-varying dynamical system

C ˙̃z1 = −µ∗ z̃2 − (z̃2 + z∗2)µ̃ − ρ̃(z̃1, z
∗
1)

L ˙̃z2 = µ∗ z̃1 + (z̃1 + z∗1)µ̃,
(3.60)

The key observation now is to associate with the latter system an energy-like function
of the form

H(z̃1, z̃2) =
1

2
C z̃2

1 +
1

2
L z̃2

2 . (3.61)

Indeed, taking the time-derivative of H along the trajectories of (3.60) yields

Ḣ(z̃1, z̃2) = µ̃ (z∗1 z̃2 − z∗2 z̃1) − z̃1ρ̃(z̃1, z
∗
1). (3.62)

Notice that the product z̃1ρ̃(z̃1, z
∗
1) is always positive given that function ρ(·) is strictly

increasing, i.e., the function ρ̃(z̃1, z
∗
1) is positive when z̃1 = z1 − z∗1 > 0 and negative

when z̃1 < 0. The latter directly suggests that the system is passive with respect to the
supply rate µ̃ỹ, with ỹ = z∗1 z̃2−z∗2 z̃1, and positive definite storage function (3.61). This
passivity statement (3.62) is very useful for control since it is easily translated into a
Lyapunov stability argument by selecting a linear static proportional (P) feedback law

µ̃ = −Kỹ, (3.63)

with K an arbitrary non-negative constant. Hence, the system becomes strictly output
passive, i.e.,

Ḣ(z̃1, z̃2) = −Kỹ2 − z̃1ρ̃(z̃1, z
∗
1) ≤ 0, (3.64)
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for all z̃1, z̃2, which, together with the fact that (3.61) is a radially unbounded function,
implies the closed-loop system is globally stable. However, to proof that the system is
globally asymptotically stable it is needed to show that the only solution that keeps
ỹ ≡ 0 is the trivial solution (z̃1, z̃2) = (0, 0). In this case this is tantamount to showing
that the system (3.60) is (zero-state) observable, which is easily asserted by calculating
its time-varying observability matrix and applying Theorem 9.4 of [53].

In the ideal case, when one of the reference signals (z∗1 or z∗2) is provided, the other
desired state variable (z∗2 or z∗1) can be obtained from (2.9).

The complete control signal can be derived from (3.59) and (3.59):

µ =
Lż∗2 + vg

z∗1
− K(z∗1 z̃2 − z∗2 z̃1). (3.65)

Due to the proportional control action with respect to the passive output ỹ = z∗1 z̃2−
z∗2 z̃1, this controller is referred as “proportional passive controller”, or in short P-passive
controller.

Note that unlike the other analyzed controllers in this chapter the P-passive con-
troller requires both reference signals, i.e., z∗1 and z∗2 . Nevertheless, according to the
adopted control objective only z∗2 is given. Consider the the power balance equation
(2.9) where z1 and z2 are substituted by its desired values,

z∗1Cż∗1 = z∗1(Λ − ρ(z∗1)) − z∗2Lż∗2 − vgz
∗
2 . (3.66)

Solving this differential equation analytically is quite complicated due to its nonlinear
time-varying nature, and solving it numerically will produce only one solution of z∗1 not
making it possible to regulate z1 to its other possible solution1. Therefore, in order to
tackle this problem the non-linearities of (3.66) will be linearized. As it will be shown
next this approximation does not affect significantly the behavior of the closed-loop
system.

Consider equation (3.66) in terms of the explicit desired values,

Ė∗ = P(E∗) −
1

2
(kA)2Lω sin(2ωt) −

1

2
kA2 +

1

2
kA2 cos(2ωt), (3.67)

where E∗ = 1
2C(z∗1)

2, z∗2 = kA sin(ωt), and P(E∗) is defined in the following way:

P(E∗) =

√

2E∗

C

(

Λ − Ψ exp

(

α

√

2E∗

C

))

.

Assume that the GPV inverter element values are chosen in such a way that a small
ripple in z∗1 is obtained2. A small voltage ripple means also a small ripple in E∗, which
enables to linearized the non-linear function P(E∗) around the DC value of E∗ (denoted
as E∗):

P(E∗) ≈ P(E∗) + m
(
E∗ − E∗

)
, (3.68)

where

m =
dP(E∗)

dE∗

∣
∣
∣
∣
E∗=E∗

=
1

C

√

2E∗

C



Λ − Ψ exp



α

√

2E∗

C







1 + α

√

2E∗

C







 . (3.69)

1Recall that according to the discussion of section 3.1 for a given value of k there are two possible
solutions of z1 that fulfills the power balance equation.

2A more extensive analysis of the implication of the voltage ripple is made in section 3.1.
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With the linearization of P (3.67) is rewritten as follows:

Ė = P(E∗) + m (E∗ − E∗)

−
1

2
(kA∗)2Lω sin(2ωt) −

1

2
kA2 +

1

2
kA2 cos(2ωt). (3.70)

From the latter equation it is evident that E∗ presents sinusoidal components. More-
over, if E∗ = E∗ + a1 cos(2ωt) + b1 sin(2ωt) is a solution of equation (3.70) the following
equality holds:

−2a1ω sin(2ωt) + 2b1ω cos(2ωt) =
(
−0.5(kA)2ωL + mb1

)
sin(2ωt) +

(
−0.5A2k + ma1

)
cos(2ωt) − 0.5A2k + P(E∗),

from which the expressions for k, a1, and b1 are obtained as,

k =
2P(E∗)

A2
(3.71)

a1 =
0.5kA2(2kωL − m)

4ω2 + m2
(3.72)

b1 =
0.5kA2ω(2 + mkL)

4ω2 + m2
. (3.73)

In order to validate the approximation of expression of E∗ two simulations are per-
formed. The first simulation solves numerically the equation of E∗ with no approxima-
tion (i.e., equation (3.67)). The second simulation is performed in which signal E∗ is
obtained using the parameters of (3.71), (3.72), (3.73). The two calculated values of E
are generated with the same value of k corresponding to the PV array maximum power
point voltage. The parameters of the full-bridge inverter are the following: L =1 mH,
C =2.2 mF. The results are shown in Figure 3.28. It is seen that the two signal are
very alike due to a maximum relative error of 0.03 %.
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numerically the differential equation for E∗ with no approximation



56 Chapter 3. Analysis and Control Under Ideal Conditions

Summarizing, expressions that relate z∗1 (E∗ = 0.5C(z∗1)2) and z∗2 (z∗2 = k∗vg) have
been obtained. These expressions are valid when a small ripple in the capacitor voltage
is present. This is achievable with the adequate selection of the input capacitance C.
This method for obtaining z∗1 from z∗2 is the one that has been used in the following
simulations results.

Simulation Results

The simulation cases described in section 3.1.2 are studied for the previously designed
P-passive controller. The controller (3.65) is simulated with K = 3.
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Simulation Case 1. P-Passive Controller

The following figures show the simulation results for the simulation case 1. Notice
that the current z2 achieves its desired steady-state after a short transient time. The
voltage variable z1 reaches its reference value after a more larger transient time, at
approximately t =0.4 s.
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Figure 3.29: Voltage across the capacitor (z1).
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Figure 3.30: Current injected into the grid (top). Zoom window showing the output
current z2 (bottom).



58 Chapter 3. Analysis and Control Under Ideal Conditions

Simulation Case 2. P-Passive Controller

The figures below show the results for the simulation case 2. Notice that the stabi-
lization time is quite similar to the previous case. Also in this case the capacitor voltage
transient time is close to t =0.4 s.
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Figure 3.31: Voltage across the capacitor (z1).

0 0.2 0.4 0.6 0.8 1 1.2

−20

−10

0

10

20

 

 

1.1 1.11 1.12 1.13 1.14 1.15 1.16 1.17 1.18 1.19 1.2

−30

−20

−10

0

10

20

30

 

 

Time(s)

Time(s)

C
u
rr

en
t(

A
)

C
u
rr

en
t(

A
)

z2

z2

k

k

0.1vg

Figure 3.32: Current injected into the grid (top). Zoom window showing the output
current z2 (bottom).
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Simulation Case 3. P-Passive Controller

The following figures show the simulation results for the simulation case 3. Notice
that in this case the system reaches its desired steady state which verifies the global
asymptotic stability property of the designed closed-loop system. Notice also that in
this case the output current amplitude presents a larger transient response that in the
other simulated cases.
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Figure 3.33: Voltage across the capacitor (z1).
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Figure 3.34: Current injected into the grid (top) and zoom window showing the output
current z2 (bottom).
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3.5 Conclusions and Comparison

In this chapter four different controllers have been analyzed for the single-phase single-
stage GPV inverter under ideal assumptions. A set of simulation tests have been applied
to the GPV system using each of these controllers. Table 3.3 summarizes the results
obtained for each test and each controller.

Table 3.3: Simulation results for the considered controllers (FL=controller based on
feedback linearization, SMC=sliding mode control, PBC1=damping injection PBC,
PBC2=P-passive controller).

Simulation Case 1 Simulation Case 2 Simulation Case 3

FL

SMC

PBC1

PBC2

Notice that the only controller that was able to meet the control objectives in each
simulation test was the P-Passive controller. Indeed, according to the theoretical results
this controller is globally asymptotically stable. Nevertheless, in practice all of this
controllers are tied up by the bounds of the control signal, i.e., due to the nature of the
control signal it can only exists in the following range,

−1 ≤ µ ≤ 1,

and, as it was mentioned previously, this condition can be approximated to:

z1 > A,

where A is the amplitude of the grid voltage.
The next chapter deals with the implementation of the controllers treated in the

present chapter. Namely, the controller based on feedback linearization, the sliding
mode controller and the P-Passive controller will first be modified to deal with the
uncertainties of the real world and then they will be tested in a laboratory prototype.
The damping injection PBC has not been considered for implementation due to the
complex control structure and the difficulty to make it more robust (recall that the
damping injection PBC requires an exact copy of the system).



Chapter 4

Control Design Under Non-Ideal
Conditions

4.1 Introduction

This chapter aims at studying the closed-loop behavior of the grid-connected photo-
voltaic system with different control schemes under more realistic conditions than the
ones assumed so far. More specifically, the controllers studied in Chapter 3 are modified
assuming that the PV array electrical parameters (Ψ, Λ, and α) are unknown. Assump-
tions A.11 and A.32 described in Chapter 3 are still valid here. Under these assumptions,
the control objectives are modified in the following way:

C.1 To deliver a sinusoidal output current in phase with the utility grid voltage, i.e.,
z2ss = kvg where z2ss is the steady-state value of z2 and k has to remain constant
during one grid period T .

C.2 To regulate the T -averaged value of z1 to a given desired value z̄∗1 .

The controllers designed in this chapter needs to fulfill the aforementioned objectives
when only z̄∗1 is provided. It is a task of the controller to find the value of k that keeps
the desired voltage level, this is tantamount to finding the value of k that, for a given
z̄∗1 , which represents the T -averaged value of z∗1(t), satisfies the system’s power balance
equation,

z∗1(t)Cż∗1(t) = z∗1(t)(Λ − Ψ exp(αz∗1(t))) − k(t)2A2Lω sin(ωt) cos(ωt) − k(t)A2 sin2(ωt).

Finding k is not a simple task since the PV array parameters (Λ, Ψ, and α) and the
complete expression of z∗1(t) are not known.

Consequently, the controllers designed in Chapter 3 are re-studied in order to find
some modifications that enables them to adapt to these new conditions. As it will be
seen throughout the development of this chapter, it is possible to achieve the control
objectives C.1 and C.2 under the previously defined non-ideal conditions adding an
additional control action to the controllers of Chapter 3.

1A.1 The PV array is formed of identical PV panels under the same external stimuli.
2A.3 The grid voltage is sinusoidal, i.e., vg = A sin(ωt), where A and ω are constants.

61
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The main requirement for the single-phase single-stage GPV inverter is output cur-
rent injection at unity power factor, i.e., a steady state output current proportional to
the grid voltage, i.e.,

z2ss(t) = k(t)vg = k(t)A sin(ωt), (4.1)

whereas k(t)A is the amplitude of the output current. Variable k(t) is chosen to be time-
varying to deal with varying input power, i.e., given that in steady-state the T -averaged
output power depends on k(t),

P̄out =

∫ nT

(n−1)T
k(t)A2 sin2(ωt)dt,

and that in steady state without losses P̄out = P̄ where P̄ denotes the T -averaged value
of the PV input power. Hence, the only way there is to adjust the input power is
changing k. Since the current reference amplitude must maintain constant during a
grid period (T ) in order to reduce the output total harmonic distortion (THD) and to
keep a unity power factor it has to be updated at grid cycles multiples. Since weather
variations are slow, the input power will vary significantly slower than the dynamics of
the power converter.

Some words about the maximum power point tracker and z̄∗1

Control objective C.2 is strictly related to the role that the maximum power point tracker
(MPPT) algorithm has in a practical GPV inverter system. Actually, the need to include
a MPPT algorithm comes from the fact that the PV array electrical characteristics are
unknown and dependent on external variables such as temperature and solar irradiance
which are expensive and, in some cases, difficult to measure precisely. Hence, MPPT are
often heuristic algorithms designed to monitor the input power in order to determine
when the maximum generation of power is achieved for a given condition.

One of the most common MPPT algorithm delivers a reference PV voltage value to
the GPV inverter control scheme and registers the generated power when the steady-
state condition for the given reference is achieved. A period of time later, called MPPT
updating period, this MPPT algorithm modifies the reference value and performs a
new power measurement. If the new power measurement is larger than the previous
one the MPPT algorithm continues to modifies the reference value accordingly (e.g.
incrementing it), but if the difference of power is negative it changes the reference value
in the opposite way (e.g. decrementing it). This MPPT algorithm is known as Perturb
and Observe [22]; other more elaborated MPPT algorithms are described in [19], [37]
and [60].

Once the maximum power point (MPP) is achieved it won’t vary unless climate
conditions, such as temperature or solar irradiance, change. Given that these variables
change very slowly (in the order of minutes) there is no need for the MPPT to update
its reference value much faster. Notice that compared to the GPV inverter dynamics
the variations of the MPPT can be considered locally constant.

Even though in the present work no MPPT algorithm is designed it will be assumed
that the reference signal z̄∗1 is generated by an external MPPT and therefore has all
the characteristics of a signal generated by such algorithm, i.e., it has a slow and small
variations.
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4.1.1 Capacitor Voltage Ripple

As seen in Chapter 3, the capacitor will present a periodic ripple when the output current
achieves the desired sinusoidal form. This effect is undesirable since it makes the PV
array operating point oscillate around its MPP reducing the GPV system efficiency.
This ripple is inherent to the single-phase singe-stage GPV inverter and cannot be
fully eliminated. Nevertheless, it can be minimized with the proper design of the GPV
inverter components.

Consider (3.22) which describes the dynamic behavior of z1 when the output current,
z2, is sinusoidal in phase with the grid voltage. Assuming that a stable equilibrium
condition has been reached it can be asserted that (3.22) defines the ripple of the squared
voltage, i.e.,

C
d(z2

1)

dt
= z1 (Λ − Ψeαz1) (4.2)

−k2A2Lω sin(ωt) cos(ωt) − kA2 sin2(ωt),

from which it is clear that the voltage ripple, denoted here as z̃1 is a function of the
GPV inverter parameters,

z̃1 = f(C,L, k, ω).

Notice that, according to (4.2), the influence of L on z̃1 is less than the influence of C.
Also, it can been deduced from (4.2) that in order to minimize the voltage ripple C has
to be as large as possible without affecting considerably the size, weight and cost of the
power converter.
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Figure 4.1: Effect of k in the voltage ripple

In order to determine the quantitative effect of the ripple for the specific case of the
implemented GPV inverter a series of numerical simulations have been done. Notice
that unlike the case of C in which its effect in z̃1 can been easily deduced, the effect of
k on z̃1 is not that straightforward. In order to seize the effect of k in z̃1 equation (4.2)
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has been solved numerically with the parameters shown in Table 4.1. The results are
shown in Figure 4.1. Notice that the ripple increases with k. Based on this observation
it can be concluded that the biggest ripple will occur in the MPP, i.e., when k is large.

A series of simulation for different values of C were done In order to choose the value
of C that minimizes the ripple enough to neglect it. The results are shown in Figure 4.2.
The value of C =2.2 mF has been chosen to be used in the laboratory prototype. Using
this value of C the GPV inverter will present a maximum voltage ripple of 2 V, i.e., 3%
of ripple.
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Figure 4.2: Effect of C in the voltage ripple for k = 0.1643, Pout = 81 W

Remark 4.1. Notice that the voltage ripple obtained with C =2.2 mF enables
to make the following approximation

z1 ≈ z̄1, (4.3)

where z̄1 is the average value of z1 in one grid cycle T . This approximation will
be used in the design of some of the controllers.

4.1.2 Experimental Setup

In order to validate under realistic conditions the controllers designed, they were tested
in a laboratory prototype. In order to emulate the operation of the PV array a “Solar
Array Simulator” was used. This device enables to program different i-v curves, which
for experimental validation turns out to be very useful since it allows to generate fast
changes in the PV array electrical characteristics. Due to the solar array simulator low
output voltage level (it has a maximum voltage of 80 V), the GPV inverter prototype
was connected to the grid by means of a step up transformer. All the measurements
where done in the low-voltage side of the transformer which exhibits a voltage amplitude
of 31.4 V at 50 Hz.
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Figure 4.3: Experimental Setup Photo

This Section describes the prototype implemented in order to test the controllers
designed in Chapter 4 under real-life conditions. A photograph of the experimental setup
is shown in Figure 4.3 where the components of the prototype are grouped according
to their functionality using yellow rectangles. The rectangle identified with 1 encloses
what can be called as “input-stage” which comprises an input capacitor and a switch (on
the top of the figure) which connects the power converter to a power source that emulates

the behavior of a PV array. Rectangle 2 encompasses the power semiconductors and
the drivers of the full-bridge inverter. The control elements (digital and analog) and the

analog-to-digital converter integrated circuits (IC) are enclosed in rectangle 3 . Finally,

on the upper right corner of Figure 4.3, rectangle 4 encloses the output filter element of
the inverter, i.e., the inductance, and a power transformer connected to the utility grid.
Given that the used PV emulator outputs a maximum voltage level of 80 V, an output
step-up transformer is needed in order to reach the voltage levels of the European utility
grid, i.e., 220 VRMS. Next, the main elements of the laboratory prototype are described
in more detail.

Input Stage

The input stage encompasses the elements enclosed in rectangle 1 of Figure 4.3 and
a PV array emulator power source, not shown in that figure. The PV array emulator
employed is the Agilent E4350B # J02, which enables to program different i-v curves in
order to emulate the electrical behavior of a typical PV array. The Agilent E4350B # J02
can deliver a maximum power of 480 W and a maximum voltage level of 80 V. As an
input capacitance an electrolytic capacitor of 2.2 mF was used. A galvanic isolated
voltage sensor (LEM LV25) has been used in order to measure the PV array voltage,
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i.e., x1. The measurement of x1 is used by the control and acquisition stage described
later. A block diagram of this stage is shown in Figure 4.4 where A+ and A− represent
the connection points of the full-bridge inverter.
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Figure 4.4: Input Stage Block Diagram

Full-Bridge Switches

Figure 4.5 depicts the block diagram of the full-bridge power inverter. This block dia-
gram corresponds to the components enclosed in rectangle 2 of Figure 4.3. As it can
be seen in the block diagram of Figure 4.5 the full-bridge inverter is implemented with
four power mosfets IRPF240 activated by means of two half-bridge driver IC IR21084.
The IR21084 driver generates two complementary signals with a dead-time of 540 ns.
In order to isolate galvanically the controller from the power stage two opto-coupler IC
A263N have been used to deliver the control actions δ and δ̄ to the mosfet drivers.
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Figure 4.5: Full-Bridge Block Diagram

Output Stage

Figure 4.6 shows the block diagram of the output stage. This stage, enclosed by rectan-
gle 4 in Figure 4.3, includes an inductor of 950 µH and a power transformer connected
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to the utility grid. As it was aforementioned, the power transformer is needed due to
the low output voltage of the PV array emulator in comparison with the utility grid.
Nevertheless, all the measurements are done in the low-voltage side of the transformer.
More specifically, the inductance current, x2, and the voltage of the low-voltage side
of the transformer (vg) are measured using two galvanic-isolated current and voltage
sensors, the LEM LTS15 and the LEM LV25, respectively.
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Figure 4.6: Output Stage Block Diagram

Controller Stage

Given that different controllers need to be implemented an analog and digital platform
is used in order to assure more flexibility. This structure is schematized in Figure 4.7.
The analog stage is in charge of dealing with an initial signal conditioning to assure
that the measured signals stay within a given voltage level. In some of the controllers
implemented, this stage also generates error signals in order to improve the dynamic
range of the digital stage. The output signals of the analog module are then quantized
by means of several analog-to-digital (ADC) converter integrated circuits (ADC AD9525
of 12 bits and 25 MSPS). The quantized signals are then inputted to a digital processing
stage implemented in a hardwired device, namely a Xilinx Spartan 3 field programmable
gate array (FPGA). The hardwired algorithms implemented in the FPGA operates syn-
chronously with a clock period of 4 ns. Additionally, the digital pulse width modulator
(PWM) that generates the signals δ and δ̄ is implemented within the FPGA using a
sawtooth carrier waveform with a period of 40.96 µs.
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Figure 4.7: Control Stage Block Diagram
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Parameters of the Experimental Setup

For the experimental tests considered in this chapter, Figure 4.8 shows the electrical
curves that were programmed in the solar array simulator.
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Figure 4.8: PV array electrical curves used the experimental tests

The values of the components used for the power stage of the GPV inverter prototype
are summarized in Table 4.1.

Table 4.1: Power Stage GPV Inverter Laboratory Prototype Parameters

Parameter Symbol Value

Capacitor C 2.2 mF

Inductor L 0.95 mH

4.1.3 Experimental Tests

A series of experimental results are presented throughout this chapter in order to validate
the appropriate closed-loop behavior of the GPV inverter with the different proposed
controllers. All of the experimental tests made are applied to the GPV inverter with the
parameters of Table 4.1. Additionally, the PV array is emulated using the solar array
simulator mentioned in Section 4.1.2 in which the curves shown in Figure 4.8 have been
programmed.
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Experimental Case 1. Definition

This experimental test deals with the regulation of z̄1. The T-averaged reference value
of the PV voltage, z̄∗1 , is changed from 65 V to 61 V and finally arriving to the PV array
maximum power point value (57.2 V), as it is graphically shown in Figure 4.9. The
reference value transitions were programmed to occur every 60 grid cycles, i.e., 1.2 s.
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Experimental Case 2. Definition

Similarly to experimental case 1, the objective of this experimental test is to regulate
z̄1 to different values. In this case only reference values larger than the MPP voltage
(57.2 V) are considered. The T -averaged reference value of the PV voltage z1 is changed
from 49 V to 53 V and finally arriving to the PV array maximum power point value
(57.2 V), as it is graphically shown in Figure 4.10. The reference value transitions were
programmed to occur every 60 grid cycles, i.e., 1.2 s.
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Experimental Case 3. Definition

The objective of this experimental test is to proof the adequate behavior of the closed-
loop GPV inverter when abrupt changes in the electrical characteristics of the solar
array simulator occur, emulating sudden irradiance changes in the PV array. The solar
array simulator has been programmed with two set of electrical characteristics, one cor-
responding to an irradiance of 1000 Wm−2 and another corresponding to an irradiance
of 500 Wm−2. The experimental test consisted in the sudden change of the 1000 Wm−2

electrical characteristics set to the 500 Wm−2 and then restoring the 1000 Wm−2 elec-
trical characteristics set after a given time. This operation is shown in Figure 4.11. This
test is equivalent to an improvable worst case scenario (e.g., sudden shadowing caused
by a big dark cloud) and therefore it is a good way to validate the robustness of the
designed controllers.
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4.1.4 Controllers Considered

In this chapter some of the controllers analyzed in Chapter 3 are modified in order
to meet more stringent and realistic situations. More specifically, the controllers con-
sidered are the feedback linearization controller, the sliding mode controller, and, the
P-passive controller. The damping injection passive controller is not considered due to
the complexity of its implementation.

As it will be detailed in the following sections, the modification in the case of the
feedback linearization controller and the sliding controller consists of adding an outer
voltage loop and therefore obtaining the typical two control loop control scheme widely
used in power electronics. On the other hand, concerning the P-passive controller, it is
shown that the control scheme considered in Chapter 3 is not able to assure the global
stability for the system’s uncertainties contemplated in this chapter are present. There-
fore, an adaptive controller is added to estimate the unknown PV array parameters.
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4.2 Controller Based on Feedback Linearization

The controller obtained in Section 3.2 using feedback linearization and linear control
techniques is revisited here in order to extend it to the aforementioned non ideal con-
ditions. The controller presented in Section 3.2 uses a linear current controller that
generates a signal w which is then transformed into the duty cycle used to control the
full-bridge inverter.
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Figure 4.12: Two Loop Control scheme with inner controller based on feedback lin-
earization (Gc: outer voltage loop controller, GL: inner current loop controller)

In order to adjust this control scheme to the requirements of this chapter the ap-
proach followed is based on the typical two-loop control scheme for power inverters such
as the ones described in [13], [34], [46]. More specifically, an outer loop is added to the
current controller in order to generate the amplitude of the current reference signal, i.e.,
k(t)A (see Figure 4.12). The conditions and stability range of this controller is detailed
when describing the methodology followed to design it.

The same current controller designed in Section 3.2 is used as the inner current
controller tin the control scheme designed in this section. Thus, the controller GL

shown in Figure 4.12 is the one presented in (3.11) in Section 3.2.
The design of the outer loop controller is based on a T-sampled model of the system

derived from the power balance relationships. Based on the singular perturbation form
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of the system this model is obtained from the power-balance equation of the system with
the “quasi-steady state” behavior of z2, i.e., the sampled data model hinges from the
power balance relationship assuming z2 sinusoidal and in phase with the grid voltage
vg. The power-balance equation is rewritten here for convenience,

Ė = P(E) − 0.5k(t)A2 + ϕ(t), (4.4)

where E = 0.5z2
1 is the energy stored in the capacitor, ϕ(t) is an unbiased T-periodic

signal, 0.5k(t)tA2 represents the T-averaged power delivered to the utility grid and P(E)
is a nonlinear function which represents the power generated by the PV array, i.e.,

P(E) =

√

2E

C

(

Λ − Ψ exp

(

α

√

2E

C

))

. (4.5)

From (4.4) and (4.5) yields:

Ė =

√

2E

C

(

Λ − Ψ exp

(

α

√

2E

C

))

− 0.5k(t)A2 + ϕ(t). (4.6)

From (4.6) it is verified that the energy stored in the capacitor E can be controlled
by means of variable k(t). Recall from (4.1) that k(t) determines the output current
reference value. If k(t) is updated just at grid cycles (every 0.02 s in the case of a 50 Hz
utility grid) this won’t affect the current tracking 3.

Given the difficulty to analyze equation (4.6) with the nonlinear characteristics of
P(E) this latter expression is linearized around a constant value E∗, i.e.,

P(E) ≈ P(E∗) + m (E − E∗), (4.7)

where

m =
dP

dE

∣
∣
∣
∣
E=E∗

(4.8)

m =
1

C
√

2E∗

C

(

Λ − Ψ exp

(

α

√

2E∗

C

)(

1 + α

√

2E∗

C

))

. (4.9)

Substituting the aforementioned linearized expression into (4.4) yields

Ė = P(E∗) + m (E − E∗) −
kA2

2
+ ϕ(t). (4.10)

Notice that the validity of this approximation requires the ripple of z1 to be small,
and thus C to be large. Additionally, recall that the solar irradiance normally varies
very slowly without abrupt changes, and therefore the steady-state value of mathcalE(t)
at a given instant can be considered close to a new reference value E∗(t), i.e., normally
there won’t be large step changes in the reference value E∗(t).

3Remember that according to Section 4.1.1 and Section 3.2 it is assumed that the GPV inverter is
designed in such a way that the current dynamics represents the fastest dynamics of the system.
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In order to validate the approximation (4.10) two simulations are performed to com-
pare the obtained solution of E solving (4.6) and (4.10) for the full-bridge inverter with
the parameters of table 4.1. The simulation situation is summarized next:

E(t = 0) = 4.366 J (z1(0) = 63 V)
E∗ = 4.091 J (z∗1 = 61 V)
k(E = E∗) = 0.156 (z∗2 = 4.9 sin ωt)
m(E = E∗) = −21.39 Ws−1.

The results are shown in Figure 4.13, as it can be seen the two signal are very alike.
Notice that the highest relative error obtained is less than 0.7% and that eventually as
E approaches E∗ the response obtained by both solutions are almost identical.
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Figure 4.13: Energy Storage in the capacitor E solving numerically (4.4)(num) and with
the approximation of equation (4.10) (aprx )

Given that k should not vary in one grid period, it would be very useful to obtain
a model of the system that describes its behavior at every grid cycle T , and from there
design a discrete time controller which updates signal k every grid cycle. In order to
achieve this model (4.10) is integrated over a grid period T :

∫ nT

(n−1)T
Ėdt =

∫ nT

(n−1)T

(

P(E∗) − m E∗ −
kA2

2

)

dt

+m

∫ nT

(n−1)T
Edt +

∫ nT

(n−1)T
ϕ(t)dt,
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yielding,

E(nT) − E((n−1)T ) = TP(E∗) − m E∗T − 0.5A2Tk((n−1)T ) (4.11)

+m

∫ nT

(n−1)T
Edt +

∫ nT

(n−1)T
ϕ(t)dt, (4.12)

where E(nT ) denotes the value of E at t = nT and similarly E((n−1)T ) and k((n−1)T )
denote the value of E and k at t = (n−1)T . Notice that due to the unbiased T-periodic
nature of ϕ(t)

∫ nT

(n−1)T
ϕ(t)dt = 0.

In order to obtain a T-sampled data model the following approximation is done:

∫ nT

(n−1)T
Edt ≈

E(nT) + E((n−1)T )

2
T. (4.13)

The aforementioned expression corresponds to the numerical integration technique
often referred as trapezoid rule. Other numerical integration techniques could be used.
However, considering the dynamical characteristics of the system the trapezoid rule
offers a quite accurate approximation as it can be seen in Figure 4.14. Figure 4.14
shows the value of the integral of E over a grid cycle T using two numerical methods.
The first one, denoted as Eaprox1, is obtained using a integration step of 1× 10−5 s with
the ode45 (Dormand-Prince) method. The other approximation, Eaprox2, calculates the
integral of E in one grid cycle using (4.13). Given that the difference between both
approximations is quite small (there is a relative error smaller than a 0.25%) the one
from (4.13) is used.
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Figure 4.14: Validation of the approximation of expression (4.13), Eaprox1=averaged
value of E obtained numerically, Eaprox2=averaged value of E obtained with trapezoidal
approximation
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Substituting (4.13) into (4.11) yields the following T-sampled data model

(1−0.5mT )E(nT )−(1+0.5mT )E((n−1)T ) = TP(E∗)−mTE∗−0.5A2Tk((n−1)T ). (4.14)

Defining

c1 = 1 − 0.5mT

c2 = 1 + 0.5mT,

equation (4.14) can be rewritten in the following way

c1E(nT) − c2E((n−1)T ) = TPE∗ − mTE∗ − 0.5A2Tk((n−1)T ). (4.15)

Notice also that the notation PE∗ = P(E∗) has been adopted for P, where its sub-
script denotes the value in which P is being evaluated.

Applying the Z-transform to (4.15) the following algebraic expression in z is obtained

c1E(z) − c2z
−1E(z) = TPE∗(z) − mTE∗(z) − 0.5A2T z−1K(z),

where E(z) = Z{E}, PE∗(z) = Z{PE∗}, E∗(z) = Z{E∗}, and, K(z) = Z{k}. Solving for
E(z) yields,

E =
z

c1z − c2
(TPE∗ − mTE∗) −

0.5A2TK

c1z − c2
, (4.16)

where for convenience the notation E, PE∗ , E∗, and K is used instead of explicitly
exhibiting the dependence on z, i.e., E = E(z), PE∗ = PE∗(z), E∗(z) = E∗ and, K =
K(z).

Equations (4.15) and (4.16) define a T-averaged model of the system that describes
the dynamic behavior of E near a given point E∗. This model shows to be very useful
when designing the outer loop controller as it is explained next.

E∗ K

PE∗

EGc

zmT

0.5A2T

zT

1
c1z−c2

Figure 4.15: Block diagram of the closed-loop T-sampled data model according to equa-
tion (4.16)

Consider Figure 4.15, which corresponds to a graphical representation of (4.16) when
a linear controller, Gc(z),is added in order to regulate E(nT ) to a desired value E∗. K
denotes the output of this controller, yielding the following closed loop expression

E =
zTPE∗ − zmTE∗

c1z − c2
−

0.5A2TGc(E
∗ − E)

c1z − c2

E =
zTPE∗ − E∗(zmT + 0.5A2TGc)

c1z − c2 − 0.5A2TGc
. (4.17)
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Notice that in order to avoid steady-state error in front of a step reference change
such as,

E∗ =
z

z − 1
E∗

PE∗ =
z

z − 1
PE∗ ,

the included controller Gc should contain an integral term, since according to the end
value theorem,

lim
n→∞

E(nT ) = lim
z→1

(1 − z−1)E(z)

= E∗ + lim
z←1

(
zTPE∗

c1z − c2 − 0.5A2TGc(z)

)

.

Consequently, choosing the controller

Gc = γc
z − β

z − 1
, (4.18)

it is only necessary to proof the closed-loop stability in order to assure zero-error regu-
lation of E . The stability analysis is carried out studying the characteristic polynomial
q(z) of the closed-loop dynamics with the controller Gc,

q(z) = c1z
2 + (−0.5A2Tγc − c1 − c2)z + c2 + 0.5A2Tγcβ. (4.19)

Applying the Jury test4 it is possible to determine the necessary and sufficient con-
ditions for the roots of the characteristic equation (4.19) to lie inside the unit circle.
These conditions are summarized next,

• Condition 1: q(z)|z=1 > 0, implies that given that β < 1

γc < 0. (4.20)

• Condition 2: q(z)|z=−1 > 0, implies that

|γc| <
8

A2T (1 + β)
. (4.21)

• Condition 3: |c2 + 0.5A2Tγcβ| < c1, implies that

2mT

A2Tβ
< |γc| <

4

A2Tβ
. (4.22)

With these conditions it is possible to assure local stability and zero-error regulation
for a given value of m and E∗. Moreover, the designed outer control loop assures that,
if the previous conditions hold, it is possible to regulate E(nT ) to E∗(nT ) for small
variations of E∗(nT ).

Therefore, to guarantee the desired closed-loop behavior it is necessary to determine
the operation range of the GPV inverter, i.e., the voltage range in which the inner current
controller assures a sinusoidal current in phase with the grid voltage. It is necessary to
know the GPV inverter operating range in order to identify the possible variations of m
and E and therefore to choose the value of γc that meets all the Jury conditions.

4A stability criterion for discrete linear systems similar to the Routh-Hurwitz stability criterion for
continuous linear systems, see for example [47].
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4.2.1 Application to the experimental setup

In this section the control parameters of (4.18) are tuned for the specific case of the
implemented experimental setup. Also, the design and implementation of the outer
control loop Gc is described. Then, the implementation of the current controller is briefly
discussed and finally some experimental results are shown for the three experimental
cases mentioned in Section 4.1.3.

Outer Loop voltage controller

Determining the appropriate parameters of the outer loop controller Gc is very important
since, according to the Jury conditions (4.20) to (4.22), they determine the stability
range of the closed loop system for a given value of m. Consider parameter β, this
parameter represents the zero of the controller Gc, see equation (4.18). Setting the
value of β close to 1 mitigates the instability effect of the integral component of Gc.
Therefore, in order to focus on the selection of γc, β is fixed to 0.875.
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Figure 4.16: Top: Power vs. Energy Stored in the Capacitor (E = 0.5Cz2
1). Bottom:

Parameter m for a solar incident irradiance of 1000 Wm−2. MPP=Maximum Power
Point

According to (4.9) the value of m depends on the input capacitance and on the
electrical characteristics of the photovoltaic array. Figure 4.16 depicts the variation of
m for the system with the parameters of Table 4.1 and the PV array with the electrical
characteristics of Figure 4.8 with a solar irradiance of 1000Wm−2. As it is foreseen
in (4.9) m is equal to zero at the maximum power point. The operating range shown
in Figure 4.16 lies between the open circuit voltage of the PV Panel Array and the
minimum voltage required for inversion (i.e. vC > A). Notice that for this range of
operation the maximum value that m can take is 22. This maximum value, mmax, also
holds for lower irradiances as it can be seen in Figure 4.17.

The maximum value of m is required in order to choose the gain γc of the outer
loop controller Gc to assure the stability of the closed loop system in the whole range
of operation (see equations 4.21, 4.22). Figure 4.18 shows the ranges of stability (i.e.,
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the values of m for which the system is stable) for two different values of γc, namely
γc = −0.1 and γc = −0.025. Furthermore, given that m depends on the energy stored
in the capacitor (E = 0.5Cz2

1) the selected value of γc also determines the range of z1 in
which the system is stable. This can be seen more clearly in the following examples,
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Figure 4.17: Parameter m for different solar irradiances
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EXAMPLE 1
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Figure 4.19: Reference variation for example 1. P1 = [3.37 J, 4.83 Ws−1], P2 =
[3.07 J, 9.21 Ws−1]

Using the same parameters of the laboratory prototype (Table 4.1 and Figure 4.8)
and the current controller using feedback linearization as designed in Section 3.2.1, an
outer loop controller is used in order to regulate E with the following reference signal
(see Figure 4.19):

E∗ =







3.37 J (z∗1 = 55.4 V) for t < 4 s
3.07 J (z∗1 = 52.8 V) for 4 s ≤ t < 8 s
3.37 J (z∗1 = 49 V) for t ≥ 8 s

Two versions of the controller Gc are simulated, in one control a value of γc1 = −0.1 is
used and in other case a value of γc2 = −0.025 is chosen. For both controllers parameter
β is set to 0.875. Notice that according to Figure 4.19 both of these reference values lie
inside the stability range of the selected γc1 and γc2. The simulated GPV inverter model
includes all the PV panel non-linearities, i.e., no approximations have been made in the
simulated model. The simulation results are shown in Figure 4.20, where it can be seen
that even thought both controllers eventually make E achieve its reference value their
dynamic response is quite different. Indeed, as it can be inferred from the characteristic
polynomial (4.19) and the closed-loop transfer function (4.17) the values of m and γc

change the location of the closed loop poles and zeros, as it can be seen in tables 4.2
and 4.3. Figures 4.21 and 4.22 show the location of the closed-loop poles for γc1 and
γc2, respectively. Notice that the poles of γc2 for the chosen reference values are close
to the unit circle and present an imaginary component which explains its oscillatory
response. Moreover, the root-locus of the linearized GPV system (4.17) presents a
dynamic behavior similar than the one experienced by the actual nonlinear system.
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Table 4.2: Zeros and poles of the GPV system’s closed loop transfer function (4.17) with
the controller (4.18) and γc = −0.1, β = 0.875, for different values of m corresponding
to m1 = m(E∗ = 3.376 J), m2 = m(E∗ = 3.067 J), and, m3 = m(E∗ = 2.641 J).

m Poles Zeros

m1 0.830, 0.235 10.34, 0.863

m2 0.315, 0.802 5.50, 0.85

m3 0.760, 0.394 4.04, 0.84
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Figure 4.22: Root locus of equation (4.19) for γc = −0.025 and the values of m corre-
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Table 4.3: Zeros and poles of the GPV system’s closed loop transfer function (4.17) with
the controller (4.18) and γc = −0.025, β = 0.875, for different values of m corresponding
to m1 = m(E∗ = 3.376 J), m2 = m(E∗ = 3.067 J), and, m3 = m(E∗ = 2.641 J).

m Poles Zeros

m1 0.920 ± 0.162 j 2.736, 0.82

m2 0.997 ± 0.180 j 1.611, 0.73

m3 1.004 ± 0.188 j 1.35, 0.64
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EXAMPLE 2
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Figure 4.23: Reference variation for example 2. P2 = [3.07 J, 9.21 Ws−1], P3 =
[2.641 J, 12.68 Ws−1]
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This example comprises the same conditions as the previous example with the ex-
ception that the following reference signal is used (see also Figure 4.23):

E∗ =







3.07 J (z∗1 = 52.8 V) for t < 4 s
2.64 J (z∗1 = 49 V) for 4 s ≤ t < 8 s
3.07 J (z∗1 = 52.8 V) for t ≥ 8 s

The same versions of the controller Gc used in the previous example are used in this
example. Notice that according to Figure 4.23, E∗ = 2.641 J is outside the stability
range of the controller with γc2. On the other hand, as it can be concluded from the
stability range analysis depicted in Figure 4.23, the only controller that is able to regulate
properly the system for all the references given is that one with γc1. The simulation
results are shown in Figure 4.20. Again, the reader is referred to the root locus of
figures 4.21 and 4.22 and the tables 4.2 and 4.3 that shows the location of the closed-
loop poles and zeros of the T-sampled data model for γc1, γc2 and the values of m which
correspond to the defined references values.

Considering the previous analysis and examples the following controller is chosen to
be implemented in the GPV inverter controller:

Gc = −0.1
z − 0.875

z − 1
. (4.23)

It is possible to derive a clear methodology to choose the parameters of Gc, as it is
detailed next,

• Choose parameter β (the zero of Gc) to be close to 1 in order to mitigate the
instability of the integral component.

• Determine the maximum value of m within the GPV inverter operating range.

• Choose a value for γc that meets the Jury conditions (equations (4.20) to (4.22)).
According to the root-locus and zeros of the closed-loop T-sampled data model it
is possible to characterize the dynamic response.

Current Controller

The current controller derived in Section 3.2.1 has been implemented in the GPV pro-
totype described in Section 4.1.2. The expression of this controller is rewritten here for
convenience,

GL = Kp + KI
s

s2 + ω2
= Kp + GI(s). (4.24)

Notice that GI represents a “generalized integrator” as it was discussed in Section 3.2.
Given that a digital controller is used in the laboratory prototype GI(s) needs to be
discretized. The discretization is done mapping the zeros and poles of GI(s) into z, i.e.,

z = exp(Tss),

where Ts is the sampling period.
Accordingly the following discrete-time version of GI , denoted as GID, is obtained

for a sampling period of 25 kHz,

GID(z) =
z2 − z

z2 − 1.9998 + 1
.
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Recall that according to Figure 4.12 the controller GL outputs signal w, i.e.,

W (z) =

(

KPD(z) +
z2 − z

z2 − 1.998z + 1

)

(Z∗2 (z) − Z2(z)),

and that in order to obtain the modulator signal µ the aforementioned expression has
to be divided by z1. Therefore, the following complete control signal, µ, is obtained:

µ(n) =
1.998µ(n − 1) − µ(n − 2) + KI(e2(n − 1) − e2(n − 2)) + KP e(k)

z1(n)
, (4.25)

where µ(n) represents the modulator signal delivered to the PWM, e2 = z2 − z∗2 and n
represent in this case the sample-time periods of 40 ns. The controller parameters are
set to Kp = 70 and KI = 20 in order to obtain a fast transient response and to avoid
saturation of the signal µ(k).
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Experimental Results

Experimental Case 1. Feedback Linearization

The following figure shows the results of experimental test 1. In this figure it can
be seen that the output current is always in phase with the grid voltage. Moreover,
after a small transient time the capacitor voltage, z1 reaches its desired steady-state
value.
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Experimental Case 2. Feedback Linearization

The following figure shows the results of experimental test 2. Notice that the dynamic
response obtained in this case is quite similar to the previous one; both the output
current and the capacitor voltage achieve their desired steady state values.
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Figure 4.26: Experimental Test 2. z1, z̄∗1 and vg at 5 V/div; z2 at 1 A/div.
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Experimental Case 3. Feedback Linearization

The following figure shows the results of experimental test 3. In this case an abrupt
change in the electrical characteristics is forced to the system. Notice that even though
this represents a big change on the parameters of the system, the control scheme is able
to make the system reach its desired steady state.
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Figure 4.27: Experimental Test 3. z1, z̄∗1 and vg at 5 V/div; z2 at 1 A/div.
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4.3 Sliding Mode Controller

In this section the sliding mode control scheme studied in Chapter 3 is modified in order
to make it robust with respect to uncertainties in the PV array parameters. Recall that
the sliding controller designed in Section 3.3 only accounts for the current dynamics,
under the assumption that the reference value of the current, z∗2 = kA sin(ωt), is known
along with the parameters of the PV array. The conditions imposed in the present
chapter no longer makes this assumption.

Given that, in the ideal case, the characteristics of the sliding control scheme are
quite similar to the controller based on feedback linearization, i.e., both controllers only
control the output current, the approach followed in the feedback linearization case
under non-linear conditions is also followed for the sliding control scheme. Moreover,
notice that since the time-scale separation between the capacitor voltage and the output
current dynamics is also valid for the sliding mode control scheme case, the same outer
loop controller can be added in order to generate the amplitude value of the output
current, i.e., kA. Figure 4.28 shows the block diagram of the two control loop scheme
using an sliding mode inner controller.
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Figure 4.28: Two Loop Control scheme with inner sliding mode controller

Accordingly, the design of the outer loop controller is exactly the same as the one
detailed in the previous section.
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Experimental Case 1. Sliding Mode Control

The following figure shows the results of experimental test 1. Notice how the dynamic
behavior of the closed-loop system using an inner current sliding mode controller is
quite similar to the case in which an inner control loop based on feedback linearization
is used. Indeed, due to the time scale separation between the capacitor voltage and
output current dynamics, once the output current achieves its “quasi steady-state”, i.e.,
z2 = kA sin ωt where k varies slowly since it is updated every grid cycle, the performance
of the system will be characterized by the voltage dynamics.
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Figure 4.29: Experimental Test 1. z1, z̄∗1 and vg at 5 V/div; z2 at 1 A/div.
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Experimental Case 2. Sliding Mode Control

The following figure shows the results of experimental test 2. The dynamics presented
in this case are similar to the previous one; after a small transient time the capacitor
voltage, z1 reaches its desired steady-state value and the output current is always in
phase with the grid voltage.
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Figure 4.30: Experimental Test 2. z1, z̄∗1 and vg at 5 V/div; z2 at 1 A/div.
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Experimental Case 3. Sliding Mode Control

Notice that even though the experimental case 3 involves an abrupt change in the
PV array simulator electrical characteristics the system is able to achieve the desired
steady-state dynamics.
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Figure 4.31: Experimental Test 3. z1, z̄∗1 and vg at 5 V/div; z2 at 1 A/div.
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4.4 P-Passive Controller

This section extends the design of the P-passive controller discussed in Section 3.4.3 in
order to fulfill the requirements introduced in the present chapter, that is, to obtain the
desired closed-loop response without knowing the value of the PV array parameters.

Recall that the P-passive controller described in Section 3.4.3 is designed to stabilize
the error dynamics of the system with respect to a reference system. This reference
system is defined in order to obtain the desired closed-loop behavior. In the case consid-
ered in Section 3.4.3 this reference system was obtained copying the original system and
substituting the state variables by its desired functions. This definition of the reference
system is not possible in this case since the PV array parameter are considered unknown
and therefore an exact copy of the original system cannot be obtained. Consequently,
the following new reference system is considered,

Cż1r = −µrz2r + f̂pv (4.26)

Lż2r = µrz1r − vg

were C and L are the same parameters of the original system and z1r is a T -periodic
signal defined so that

z̄1r = z̄∗1 , (4.27)

where z̄1r, as mentioned in the introduction of this chapter, is the desired T -averaged
value of the capacitor voltage. Moreover, according to the discussion of Section 4.1.1, it
is assumed that C and L are chosen in such a way that

z1r(t) ≈ z̄1r. (4.28)

Given that the PV array parameter are considered unknown f̂pv is an estimation of the
PV array current when z̄1 = z̄1r. The reference value z2r is defined as,

z2r = kr vg = kr A sin(ωt), (4.29)

and following the same procedure as the one mentioned in Section 3.1.1 kr is defined as,

kr =

∫ nT

(n−1)T
f̂pv z1r dτ. (4.30)

Finally, µr is obtained from (4.26)

µr =
Lż2r + vg

z1r
(4.31)

Having defined the reference system used in this section it is possible to proceed as
done in Section 3.4.3, that is, to describe the system in terms of zir and z̃i = zi − zir for
i = {1, 2}, namely,

C( ˙̃z1 + ż1r) = −(µ̃ + µr)(z̃2 + z2r) + f̂pv + f̃pv(z1)

L( ˙̃z2 + ż2r) = (µ̃ + µr)(z̃1 + z1r) − vg,
(4.32)

where
f̃pv = fpv(z1) − f̂pv. (4.33)
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The system (4.32) can be decomposed into the reference system (4.26) and the following
error dynamics

C ˙̃z1 = −µrz̃2 − µr(z̃2 + z2r) + f̃pv(z1)

L ˙̃z2 = µrz̃1 + µ̃(z̃1 + z1r) − vg.
(4.34)

Consider the “stored energy” of the error dynamics5,

H =
1

2
Cz̃2

1 +
1

2
Lz̃2

2 , (4.35)

and recall that for the system analyzed in Section 3.4.3 the stored energy of the er-
ror dynamics (4.35) is used as a Lyapunov function that enables to obtain a globally
asymptotic closed-loop system. Nevertheless, this function cannot be used to analyze
the stability of system (4.34) using traditional Lyapunov arguments as it is shown next.
Differentiating (4.35) along the system trajectories yields,

Ḣ = µ(z1r z̃2 − z2rz̃1) + z̃1f̃pv, (4.36)

and defining µ̃ as

µ̃ = −K(z1rz̃2 − z2r z̃1) (4.37)

(4.36) becomes

Ḣ = −K(z1rz̃2 − z2rz̃1)
2 + z̃1f̃pv, (4.38)

which no longer assures the stability of the system.

The difference between the system (4.34) and the error dynamics considered in Sec-
tion 3.4.3 hinges on the estimated function f̂pv. Moreover, as seen in (4.38), the stability

of (4.34) is related to function f̂pv. Next, two cases of estimation of f̂pv are considered.
In the first case it is only considered unknown the parameter that depends on the solar
incident irradiance. The second case considers the situation in which all the PV array
parameters are unknown.

Case 1: Λ unknown, Ψ and α known

This case considers the situation in which only the parameter related to the solar irra-
diance is unknown. Recalling the adopted PV array model described in Section 2.1.3,
fpv is defined as,

fpv = Λ − Ψ exp(αz1),

where Λ depends on the solar incident irradiance , Ψ depends on the PV cells’ semi-
conductor material and α depends on the PV panels’ temperature and the PV cells’
semiconductor material. Notice that the parameter that varies the most is Λ given that
during one day the solar irradiance changes significantly. On the other hand, parameters
Ψ and α changes less frequently than Λ and can also be measured easier and cheaper
than measuring Λ.

Based on the previous discussion it is assumed that Ψ and α are known and it is
only required to estimate parameter Λ. Under this assumption f̂pv can be written in
the following way:

f̂pv = Λ̂ − Ψ exp(αz1), (4.39)

5This function is also referred as “energy in the increment” by Sanders and Verghese in [55].
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where Λ̂ is the estimated value of Λ. Considering (4.39) f̃pv yields,

f̃pv = fpv − f̂pv = Λ − Λ̂.

In order to estimate Λ̂ the following control law is used,6

˙̂
Λ = Prj{γz̃1} =

{
γz̃1 if Λ̂ > ǫ
0 otherwise

(4.40)

where γ ∈ ℜ+ is the adaptive gain and Prj{·} is a projection operator that ensures
Λ̂ ≥ ǫ > 0 with ǫ an arbitrary small constant.

The stability of the error dynamics (4.34) using the control law defined by (4.31) and (4.37)
and the adaptive action of (4.40) can be proved by means of the following Lyapunov
function,

HΛ =
1

2
Cz̃2

1 +
1

2
Lz̃2

2 +
0.5

γ
Λ̃2, (4.41)

where the time derivative of (4.41) along the system trajectories of (4.34) yields

ḢΛ = −K (z1rz̃2 − z2rz̃1)
2 − z̃1(ρ(z1) − ρ(z1r)) + Λ̃z̃1 +

1

γ
Λ̃ ˙̃Λ, (4.42)

where
˙̃Λ = −

˙̂
Λ,

and since Λ can be considered constant7, and according to (4.40),

˙̃Λ = −γz̃1. (4.43)

Taking into account the previous definitions the derivative of the Lyapunov function
yields,

ḢΛ = −K (z1r z̃2 − z2rz̃1)
2 − z̃1(ρ(z1) − ρ(z1r)). (4.44)

As mentioned previously, ḢΛ is a negative definite function and therefore assures the
global asymptotic stability of the error dynamics (4.34).

Case 2: Λ, Ψ and α unknown

This case analyzes the situation in which all the parameters of the PV array are unknown.
In this case f̃pv cannot be simplified as done in Case 1 and therefore the error dynamics

considered here is (4.34) with f̃pv defined as (4.33) where f̂pv is given by an adaptive
law described next.

Given the satisfactory results using the adaptive control law (4.40), one is tempted
to use a similar approach in this case, i.e., to use the following adaptive action:

˙̂
fpv = Prj{γz̃1} =

{

γz̃1 if f̂pv > ǫ
0 otherwise

(4.45)

6A similar expression is obtained in the case of the single phase full-bridge rectifier when the load
uncertainty is considered. In this case, Escobar et. al in [18] and [16] tackled this problem by including
this adaptive controller to estimate the value of the load.

7Notice that given that Λ depends on the solar irradiance during a day it will vary, nevertheless
compared to the GPV-inverter dynamics it can be considered “locally constant”.
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and use the following Lyapunov function,

Hf =
1

2
Cz̃2

1 +
1

2
Lz̃2

2 +
0.5

γ
f̃2

pv. (4.46)

Nevertheless, this approach does not reveals useful results as the ones obtained in Case 1.
Indeed, differentiating Hf along the system trajectories of (4.34) and using the controller
from (4.31) and (4.37) yields,

Ḣf = −K (z1rz̃2 − z2r z̃1)
2 + f̃pvz̃1 +

1

γ
f̃pv

˙̃fpv, (4.47)

where
˙̃fpv = ḟpv −

˙̂
fpv,

and according to (4.45),
˙̃fpv = ḟpv − γz̃1. (4.48)

Substituting (4.48) into (4.47) yields:

Ḣf = −K (z1r z̃2 − z2r z̃1)
2 +

ḟpv f̃pv

γ
. (4.49)

Notice that the Lyapunov function (4.46) does not offer clear statements regarding the
stability of the system as it did in Case 2.

Due to the difficulty of deriving an appropriate Lyapunov function to study the error
dynamics (4.34) when all the parameters are unknown its seems to be more useful to
study (4.35) not as a Lyapunov function but as the error dynamics’ “stored energy”,
since it is easier to associate a physical interpretation to (4.35) than to (4.46). From the
study of the derivative of the “stored energy” (4.35) one can obtain useful information
about how the controller can be designed given that a positive value of the derivative
denotes an increment of the errors and a negative value denotes the opposite. The
derivative of the “stored energy” along the system trajectories assuming the adaptive
control (4.45) is,

Ḣ = −K (z1rz̃2 − z2rz̃1)
2 + z̃1 f̃pv. (4.50)

From which it can be deduced that if K is sufficiently large and the adaptive controller
is fast enough Ḣ can be kept negative for a certain region. Given that the maximum
values of Λ, Ψ and α are usually known it is possible to define the initial value of f̂pv

close to its real value and therefore make the system remains in the region where Ḣ is
negative.

4.4.1 Application to the experimental setup

The controller designed in Case 2 was implemented in the laboratory prototype described
in Section 4.1.2. Before implementing the controller, its parameters were tuned by
means of numerical evaluations of the complete closed-loop system in order to assure
the accomplishment of the control objectives, i.e., the regulation of the T -averaged value
of the capacitor voltage z̄1 and the injection to the utility grid of a sinusoidal current in
phase with the grid voltage.
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In order to facilitate the implementation of the controller and considering the dis-
cussion made in Section 4.1.1 where it is shown that z1 ≈ z̄1, the controller implemented
have been defined according to the following set of equations:

µ =
L ˙z2r + vg

z̄1r
− K (z̄1r z̃2 − z2r (z1 − z̄1r)), (4.51)

z2r = krA sin(ωt), (4.52)

kr =
2z̄1r

A2
γf̂pv, (4.53)

z̄1r = z̄∗1 . (4.54)

Finally, in order to assure that kr remains constant during a grid cycle the adaptive
control law (4.45) has been discretized in the following way:

f̂pv(nT ) = f̂pv((n − 1)T ) + γ
(

z1((n − 1)T ) − z1r((n − 1)T )
)

where T is the grid cycle and n is the current grid cycle.



4.4. P-Passive Controller 99

Experimental Case 1. Passivity Based Control

The figure below shows the experimental results of case 3 using the P-Passive con-
troller and the adaptive control derived previously. Notice that the output current is
always in phase with the grid voltage. Also, the capacitor voltage eventually reaches its
desired steady-state value. An interesting characteristic to comment is that the voltage
dynamics of the P-Passive + Adaptive control scheme is more slower than the obtained
voltage dynamics using the two control loop scheme with a inner feedback linearization
or the sliding mode controller. This might be due to the adaptive controller used in this
case.
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Figure 4.32: Experimental Test 1. z1, z̄∗1 and vg at 5 V/div; z2 at 1 A/div.
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Experimental Case 2. Passivity Based Control

The figure below shows the experimental results of the P-PBC controller with the ex-
perimental case 3. Notice that the dynamic response is similar to the one obtained in
the previous case and that the system achieves its desired steady-state.
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Figure 4.33: Experimental Test 2. z1, z̄∗1 and vg at 5 V/div; z2 at 1 A/div.
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Experimental Case 3. Passivity Based Control

In this case an the GPV inverter has been submitted to an abrupt change in the elec-
trical characteristics of the PV array. The figure below shows that the P-Passive +
Adaptive control scheme is able to reach the desired performance.
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Figure 4.34: Experimental Test 3. z1, z̄∗1 and vg at 5 V/div; z2 at 1 A/div.
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4.5 Conclusions and Comparison

In this chapter three different controllers have been designed in order to meet more
realistic conditions than the ones assumed in Chapter 3. Assuming unknown PV array
parameters the controllers were derived from an analytical study of the system. Given
the non-linear and time-varying nature of the system some approximations needed to be
made when designing the controllers. In the case of the two-loop controllers (Section 4.2
and Section 4.3), the closed-loop system was obtained from a linearized model of the
system and therefore it is valid only locally. Nonetheless, as mentioned in Section 4.2
with the appropriate tuning of the control parameters it is possible to accomplish the
control objectives. With respect to the P-passive controller (Section 4.4) it wasn’t pos-
sible to assure the global stability of the closed-loop system when all the PV array
parameters are unknown. Nevertheless, when only the most changing PV array pa-
rameter is considered unknown, it was possible to obtain a global asymptotically stable
close-loop system using the P-passive controller. The parameters considered known are
those that usually does not change very frequently or can be easily measured. On the
other hand, the parameter considered unknown is the one that changes with the solar
incident irradiance, which corresponds to the external variable that changes the most.
Regarding the closed-loop system considering all the PV array parameters unknown,
it was shown by means of a series of experimental tests that, if the parameters of the
controller are properly tuned and the closed-loop behavior is evaluated numerically, it
is possible to accomplish the control objectives, i.e., a sinusoidal output current and a
T -averaged capacitor voltage regulation.

A laboratory prototype was built in order to test the closed-loop performance of the
the controllers. The experimental tests applied to the closed-loop systems consider the
whole range of operation of a typical PV system. This experimental tests also included
abrupt changes of the PV array parameters hardly found in reality in order to proof the
robustness of the controllers. As it is corroborated in the presented experimental results
all the implemented controllers were able to meet the desired control requirements, i.e.,
to extract a given amount of power from the PV array (Solar Array Simulator, in the
case of the experimental prototype) and to inject to the utility grid a current in phase
with the grid voltage.

Notice that the control schemes with an inner current controller based on a feed-
back linearization controller and with a sliding mode controller present similar closed
loop behavior. This is due to the fact that both control schemes have the same outer
loop controller and that the inductor current dynamics is quite fast with respect to the
capacitor voltage dynamics. Therefore, the closed-loop dynamics imposed by the cur-
rent controllers are almost unnoticeable with respect to the capacitor voltage dynamics.
Nevertheless, there is an important practical difference between the controller based
on feedback linearization and the sliding mode controller, namely, that the controller
based on feedback linearization operates at fixed frequency while the sliding mode con-
troller switches at variable frequency. This difference affects the harmonic content of
the injected current and therefore needs to be taken into account.

With respect to the P-passive + adaptive control scheme it can be seen from the
experimental results that it presents larger settling time with respect to the other two-
loop controllers. Even though, it is expected that by modifying the adaptive controller a
better capacitor voltage response can be obtained. Similarly to the case of the controller
based on feedback linearization the P-passive + adaptive control scheme operates at a
fixed frequency (25 kHz).
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Conclusions

The work developed for this thesis has contributed some new results to the analysis
an control of the dynamical behavior of a single-phase single-stage full-bridge grid-
connected photovoltaic central inverter. The analysis comprises a model of the system
which includes the non-linear time-variant characteristics of the GPV system. Based on
this developed model different control techniques have been applied in order to assure
maximum power transfer between the PV generator and the utility grid, the quality
of the injected current, the system stability and the robustness with respect to the
uncertainties of the PV generator parameters.

In relation with the designed controllers, the main contributions of the present dis-
sertation are summarized next:

Standard two cascaded control loops

The controllers based on an inner current loop and an outer voltage loop encompass the
typical control strategy in this kind of applications. Accordingly, the main contributions
can be summarized as follows:

• A method to design the parameters of the outer voltage control loop based on a
T-sampled data model technique that uses the system’s energy-balance equation
considering the non-linear characteristics of the PV generator.

• A controller based on the feedback linearization technique as the inner current
controller.

• A sliding mode base controller as the inner current control loop.

• The complete stability analysis for the two proposals that shows that this control
scheme can be robust with respect to uncertainties of the PV array for the whole
range of PV generator operating conditions (local stability).

• A set of simulation and experimental results that validate the behavior of the
system in closed-loop with the proposed controllers.

Passivity Based Controllers

Due to the good results obtained in power converters using passivity based control, this
technique has been applied for the GPV inverter case. With respect to this control
technique the main contributions of the present work are listed next,
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• The design of a controller based on damping injection PBC technique which assures
local stability for the GPV inverter case.

• The design of a proportional passive controller which guarantee the global stability
of the system under ideal conditions, that is, that all the PV array parameters are
known.

• The addition of an adaptive controller to the proportional passive control scheme in
order to assure local stability when uncertainties of the PV generator are present.

• A set of simulation and experimental results that validate the behavior of the
system in closed-loop with the proposed controllers.

5.1 Future research

Although the work presented in this Ph.D. thesis has achieved some interesting results
for the modeling, analysis and control of GPV systems, many problems remain open
and will be the subject of future investigations. The main future research items are:

• The extension of the controller design principle based on energy-balance modeling
to other grid-connected photovoltaic configurations.

• A generalization of the passive controllers design to other GPV inverters topolo-
gies.

• To derive different adaptive control approaches that may enhance the closed loop
performance of the P-Passive + Adaptive control scheme.

• To extend the robustness analysis to consider unmodeled power converter losses.

• To improve the grid model in order to study the possible undesirable effects that
it may have on the system performance and redesign the proposed controllers
accordingly.



Notation and Acronyms

Most commonly used acronyms

BM Brayton-Moser
EL Euler-Lagrange.
FL Feedback Linearization.
FPGA Field Programmable Gate Array.
GPV Grid-connected Photovoltaic.
IC Integrated Circuit
MPP Maximum Power Point.
MPPT Maximum Power Point Tracker.
PBC Passivity-Based Control.
PV Photovoltaic.
PWM Pulse Width Modulator.
SMC Sliding Mode Control.
THD Total Harmonic Distortion.

Most commonly used variables

Photovoltaic Cell

Isat Reverse saturation current of the p-n junction.
vT Thermal voltage.
Igc Light-induced current.
η p-n junction emission coefficient.

Photovoltaic Array

ns Number of PV cells connected in series.
np Number of PV cells connected in parallel.
Λ PV array current fraction that depends on the solar irradiance.
Ψ PV array parameter defined as Ψ = Isatnp.
α PV array parameter defined as α = ns

ηvT
.

P PV array power.
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106 Notation and Acronyms

Power Converter

x1 PV array and capacitor voltage.
x2 Inductor current.
z1 PV array and capacitor voltage averaged in one switching cycle.
z2 Inductor current averaged in one switching cycle.
δ Switching signal.
µ Pulse width modulator signal.
vg Utility grid voltage.
T Utility grid period.
ω Utility grid frequency.

Feedback Linearization Based Control

GL Linear current controller.
w Output signal of the current controller GL.
Kp Proportional gain of the linear current controller.
KI Integral gain of the linear current controller.
Gc Discrete linear controller to regulate the energy stored in the ca-

pacitor.
γc Gain of the controller Gc.
β Zero of the controller transfer function, Gc.

Sliding Mode Controller

ueq Equivalent control.
σ Sliding surface.

Damping Injection PBC

P Mixed-potential.
ξ1ξ2 Auxiliary variables.
Ra Injected resistance.

P-Passive Controller

K P-Passive controller gain.
γ Adaptive controller gain.
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